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A system of p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  o f  m o t i o n  f o r  a s t e a d i l y  r o t a t -  
i n g  c i r c u l a r  r i n g  is der ived .  The r i n g  is homogeneous w i t h  c r o s s - s e c t i o n a l  
dimensions  which  are s m a l l  r e l a t i v e  t o  t h e  o v e r a l l  d i a m e t e r .  Small  d e f l e c t i o n s  
from t h e  s t e a d y - s t a t e  c o n d i t i o n  a r e  assumed so tha t  t he  equa t ions  o f  mot ion  a re  
l i n e a r .  
Four s e t s  o f  s t r u c t u r a l  modes a r e  examined. The t o r s i o n a l  modes c o n s i s t  
o f  ro t a t ions  abou t  t he  l i ne  o f  cen t ro ids  of t h e  c r o s s  s e c t i o n  w i t h  s m a l l  d e f l e c -  
t i o n s  p e r p e n d i c u l a r  t o  t h e  p l a n e  o f  t h e  r i n g .  The out-of-plane bending modes 
c o n s i s t  o f  de f l ec t ions  pe rpend icu la r  t o  the  p l ane  o f  t he  r ing  accompan ied  by 
ro t a t ions  abou t  t he  l i n e  o f  cen t ro ids .  The in-plane  bending modes cons i s t  o f  
r ad ia l  de f l ec t ions  wi th  sma l l  t angen t i a l  mo t ions .  The compression modes con- 
s ist  o f  s t r e t c h i n g  and  compress ion  of  the  l ine  of  cent ro ids  wi th  smal l  rad ia l  
d e f l e c t i o n s .  
For each mode, t he  mot ions  a re  wr i t t en  a s  s inuso ida l  func t ions  o f  t ime  and 
pos i t ion  a round the  c i rcumference  of  the  r ing .  Severa l  low-numbered modes a r e  
shown t o  be r i g i d  body motions which agree with commonly known r e s u l t s  o f  r i g i d  
body mechan ics .  Fo rmulas  fo r  t he  f r equenc ie s  o f  v ib ra t ion  and t h e  r a t i o s  
between d i f f e r e n t  p e r t u r b a t i o n  v a r i a b l e s  a r e  d e r i v e d .  I n  many cases  the  fo r -  
mulas a re  s impl i f i ed .  Fo r  example ,  fo r  low sp in  r a t e s  t he  f r equenc ie s  o f  v ib ra -  
t ion of  the bending modes approach  the  f requencies  for  a l i n e a r  beam. A t  high 
s p i n  r a t e s ,  t h e s e  f r e q u e n c i e s  a p p r o a c h  t h e  f r e q u e n c i e s  f o r  a s t r ing  unde r  
tens ion .  
S e v e r a l  f i g u r e s  a r e  u s e d  t o  d e m o n s t r a t e  t h e  s p a t i a l  and temporal charac- 
t e r i s t i c s  o f  t h e  s t r u c t u r a l  modes. The de r ived  fo rmulas  a re  app l i ed  to  an  
example  problem. The r e s u l t s  o f  t h e  example a r e  p l o t t e d  t o  i l l u s t r a t e  t h e  
e f f e c t s  o f  s p i n  r a t e  and mode number  upon the  f r equenc ie s  o f  v ib ra t ion  and 
o ther  parameters  which q u a n t i f y  t h e  v i b r a t i o n a l  c h a r a c t e r i s t i c s  o f  t h e  s p i n n i n g  
r ing .  
INTRODUCTION 
A t t i t u d e  c o n t r o l  o f  s p a c e c r a f t  i s  accomplished by gene ra t ing  to rques ,  
e i t h e r  e x t e r n a l l y  a s  may be done by s m a l l  r o c k e t  t h r u s t e r s  o r  i n t e r n a l l y  by 
s t o r e d  momentum c o n t r o l  d e v i c e s .  O n e  example  of a s t o r e d  momentum c o n t r o l  
device i s  t h e   c o n t r o l  moment gyro (CMG). (See   r e f .  1.) The CMG c o n s i s t s   o f  a 
momentum wheel  which i s  supported i n  a gimbal system. Torques applied to t h e  
suppor t  bear ings  of  the  wheel  cause  it t o  p r e c e s s .  The p recess ion  is u s e d  t o  
c h a n g e  t h e  s p a c e c r a f t  a t t i t u d e .  I n  r e fe rence  1, t h r e e  C M G ' s  a r e  a r r anged  so 
t h a t  t h e  nominal spin axis of each CMG is  a l igned  wi th  one  o f  t he  spacec ra f t  
axes.  Another  example  of a s t o r e d  momentum c o n t r o l  d e v i c e  i s  the  so -ca l l ed  
sc i ssors   gyro   concept   descr ibed  i n  r e f e r e n c e s  2 and 3 .  I n  th i s   approach ,  two 
momentum wheels are ar ranged  so t h a t  t h e i r  nominal  spin axes coincide b u t  t h e i r  
s p i n  d i r e c t i o n s  are opposite. Precess ion  of t h e s e  w h e e l s  i n  o p p o s i t e  d i r e c t i o n s  
r e s u l t s  i n  a n e t  transfer of angu la r  momentum t o  t h e  s p a c e c r a f t .  
The e f f e c t i v e n e s s  o f  a momentum wheel i n  a g iven  appl ica t ion  depends  on  
t h e  amount o f  a n g u l a r  momentum which can be produced about i t s  s p i n  a x i s .  The 
moment of i n e r t i a  of the wheel and its o p e r a t i n g  s p i n  r a t e  de te rmine  the  angu- 
l a r  momentum. In general ,  devices  which are to  be  placed i n  s p a c e c r a f t  are 
des igned  wi th  the  least  possible mass so t h a t  required launch system capabi l i -  
t ies  are minimized.  Meet ing the iner t ia  requirement  of a momentum wheel  while 
minimizing i t s  mass l e a d s  t o  t h e   a n n u l a r  momentum c o n t r o l   d e v i c e  (AMCD). (See 
re f .  4 . )  The AMCD c o n s i s t s  of a r ing  (annulus)   which i s  supported  by noncon- 
tac t ing  magnet ic  bear ings  and  is spun by a noncontact ing electromagnet ic  motor .  
Fo r  l a rge  p recess ions ,  t he  r ing  and  i t s  magnetic bearing assembly can be 
r o t a t e d  i n  a gimbal  system. Small  accurate  precessions may be obtained  by 
va ry ing  the  magne t i c  fo rces  in  the  bea r ings .  An advantage  of  the  AMCD concept  
over conventional shaft-mounted momentum wheels is  t h a t  t h e  mass of t h e  center  
port ion of  the wheel  i s  e l imina ted  wi th  a r e l a t i v e l y  small r e d u c t i o n  i n  t h e  
moment o f  i n e r t i a .  
With t h e  p o s s i b i l i t y  o f  f u t u r e  s p a c e c r a f t  b e i n g  g i g a n t i c ,  AMCD's  o f  very  
large  dimensions  can be envis ioned.  A s  AMCD'S i n c r e a s e  i n  o v e r a l l  d i a m e t e r  a n d  
decrease  i n  c r o s s - s e c t i o n a l   a r e a ,   t h e i r   f l e x i b i l i t y   i n c r e a s e s .  Thus, s t r u c t u r a l  
modes i n  t h e  d e v i c e  m u s t  be c o n s i d e r e d  i n  t h e  d e s i g n .  
S e v e r a l  a n a l y s e s  o f  s t r u c t u r a l  v i b r a t i o n s  o c c u r r i n g  i n  r o t a t i n g  s y s t e m s  are 
i n  t h e  l i t e r a t u r e .  For example,   reference 5 examines   t he   f l exura l   v ib ra t ions  of 
ro t a t ing  sha f t s  w i th  va r ious  loads ,  suppor t  me thods ,  and  unba lance  cond i t ions .  
T h i s  work t rea ts  h i g h - s p e e d  r o t a r y  s y s t e m s  i n  w h i c h  t h e  s h a f t s  r o t a t e  a t  speeds 
i n  e x c e s s  of t h e i r  c r i t i c a l  speeds.  When t h e  r o t a t i o n a l  p e r i o d  a p p r o a c h e s  t h e  
p e r i o d  o f  t r a n s v e r s e  f l e x u r e  modes o f  t h e  s h a f t ,  d i v e r g e n t  o s c i l l a t i o n s  o c c u r  
and  cause  seve re  bea r ing  v ib ra t ions  and  poss ib l e  s t ruc tu ra l  f a i lu re .  A second 
type  of i n s t a b i l i t y  o c c u r r i n g  i n  r o t a t i n g  s y s t e m s  i s  d i s c u s s e d  i n  r e f e r e n c e  6.  
This work ana lyzes  a s e l f - e x c i t e d  o s c i l l a t o r y  h e l i c o p t e r  r o t o r  i n s t a b i l i t y .  
This  po ten t ia l ly  dangerous  phenomenon w a s  shown t o  be caused by a conversion of 
t h e  r o t a t i o n a l  e n e r g y  o f  t h e  r o t o r  i n t o  o s c i l l a t o r y  e n e r g y  of t h e  b l a d e s .  Both 
of   the  above  types of i n s t a b i l i t y  c a n  be p r e s e n t  i n  c e n t r i f u g e s .  R e f e r e n c e  7 
e x a m i n e s  t h e  s t a b i l i t y  c h a r a c t e r i s t i c s  of a cent r i fuge  which  is mounted i n  a 
l a r g e  s p a c e c r a f t .  The s h a f t  c r i t i c a l - s p e e d  i n s t a b i l i t y  a r i s e s  b e c a u s e  t h e  mass 
o f  t h e  c e n t r i f u g e  i s  concen t r a t ed  a long  the  a r m  connect ing the gondala  and 
counterba lance   wi th   the   hub .  The s e c o n d  o s c i l l a t o r y  i n s t a b i l i t y  i s  a s s o c i a t e d  
w i t h  f l e x u r e  o f  t h e  arm and movement of  the hub.  The speed ranges within which 
t h e s e  i n s t a b i l i t i e s  o c c u r  c a n  be a d j u s t e d  b y  a l t e r i n g  t h e  mass d i s t r i b u t i o n ,  
s t i f f n e s s  p r o p e r t i e s ,  a n d  damping c h a r a c t e r i s t i c s  of t h e  c e n t r i f u g e .  
Ci rcu lar  r ings  and  arches  have  long  been  employed  in  cons t ruc t ion  (bui ld-  
i ngs ,   aqueduc t s ,   b r idges ,  e t c . )  and i n   c y l i n d r i c a l   v e s s e l   d e s i g n s   ( t a n k s ,   p i p e -  
l i n e s ,  a i r c r a f t ,  e t c . ) .  The s t r e n g t h ,   r i g i d i t y ,   a n d   p o s s i b i l i t y   o f   b u c k l i n g  
are c o n s i d e r a t i o n s   i n   t h e s e   d e s i g n s .   C a l c u l a t e d  s t a t i c  stresses, d e f l e c t i o n s ,  
and e l a s t i c  s t a b i l i t y  c h a r a c t e r i s t i c s  o f  c i r c u l a r  r i n g s  a n d  a r c h e s  w i t h  v a r i o u s  
load ing  cond i t ions  can be found i n  r e f e r e n c e  8. A b r i e f  a n a l y s i s  o f  t h e  
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stresses w i t h i n  a s t e a d i l y  r o t a t i n g  h o l l o w  d i s k  c a n  be found i n  r e f e r e n c e  9. 
This  work does  no t  i nc lude  v ib ra t ions  o r  s t r u c t u r a l  modes. 
An e a r l y  a n a l y s i s  of t h e  v i b r a t i o n s  o f  a c i r c u l a r  r i n g  c a n  be found i n  
r e fe rence  10. T h i s  a n a l y s i s  c o n s i d e r s  a s l ende r  r ing  wh ich  has  a c i r c u l a r  
cross s e c t i o n ,  i s  not   sp inning ,   and   has  no e x t e r n a l  i n f l u e n c e s  ( f o r c e s )  a c t i n g  
upon it. The l i nea r  ana lys i s  p roduces  fo rmulas  fo r  t he  f r equenc ie s  o f  osci l la-  
t i o n  f o r  f l e x u r a l  v i b r a t i o n s  i n  t h e  p l a n e  of t h e  r i n g ,  f l e x u r a l  v i b r a t i o n s  p e r -  
pend icu la r  t o  t h e  p l a n e  o f  t h e  r i n g ,  a n d  e x t e n s i o n a l  v i b r a t i o n s  a l o n g  t h e  l i n e  
o f   cen t ro ids   o f   t he   r i ng .   Re fe rence  11 examines  the  forced  response  character-  
istics of t h e  f l e x u r a l  v i b r a t i o n s  p e r p e n d i c u l a r  t o  t h e  p l a n e  o f  t h e  r i n g .  
Forcing terms are added to  t h e  a n a l y s i s  o f  r e f e r e n c e  10 and  genera l ized  coord i -  
n a t e s  are used  in  deve lop ing  the  r e sponse  o f  t he  v ib ra t iona l  modes t o  e x t e r n a l l y  
a p p l i e d  f o r c e s .  A co r re spond ing  ana lys i s  of t h e  forced r e s p o n s e  c h a r a c t e r i s t i c s  
of t h e  f l e x u r a l  v i b r a t i o n s  a n d  t h e  e x t e n s i o n a l  v i b r a t i o n s  i n  t h e  p l a n e  o f  t h e  
r i n g  i s  a l s o  d e v e l o p e d  i n  r e f e r e n c e  11. The a n a l y s i s  o f  t h e  f l e x u r a l  v i b r a t i o n s  
i s  va l ida t ed  by  a phys ica l  exper iment .  A n o n l i n e a r  a n a l y s i s  o f  t h e  f l e x u r a l  
v i b r a t i o n s  i n  t h e  p l a n e  o f  t h e  r i n g  i s  d e v e l o p e d  i n  r e f e r e n c e  1 2 .  Nonlinear 
resonance curves which demonstrate a n o n l i n e a r i t y  o f  t h e  s o f t e n i n g  t y p e  are 
developed. The a n a l y s i s  is  supported  by  physical   experiment .  An a n a l y s i s   o f  
t h e  f o r c e d  v i b r a t i o n s  o f  a r i n g  which i s  sp inning  is  p r e s e n t e d  i n  r e f e r e n c e  13. 
The l i n e a r i z e d  s t r u c t u r a l  mode dynamics are deve loped  in  terms o f  gene ra l i zed  
coord ina te s  by  means o f  Lagrange ' s  equa t ions .  Th i s  work cons ide r s  a t h i n ,  
f l e x i b l e  r i n g  w i t h  f l e x u r a l  a n d  e x t e n s i o n a l  v i b r a t i o n s  i n  t h e  p l a n e  o f  t h e  r i n g  
a n d  f l e x u r a l  v i b r a t i o n s  p e r p e n d i c u l a r  t o  t h e  p l a n e  o f  t h e  r i n g .  
The p r e s e n t  p a p e r  d e r i v e s  l i n e a r i z e d  e q u a t i o n s  of motion of a sp inning  
c i r c u l a r  r i n g  by appl icat ion of  Newton 's  l a w  and  Eu le r ' s  equa t ion  fo l lowing  the  
method of r e fe rence  14.  The r e s u l t i n g  set  o f  l i n e a r  p a r t i a l  d i f f e r e n t i a l  equa- 
t i ons  desc r ibe  the  sma l l - ampl i tude  dynamics  o f  t he  f l exura l  and  ex tens iona l  
motions i n  t h e  p l a n e  o f  t h e  r i n g ,  t h e  f l e x u r a l  m o t i o n s  p e r p e n d i c u l a r  t o  t h e  
p l ane  o f  t he  r ing ,  and  the  tw i s t ing  mot ions  abou t  t he  cen t ro id  o f  t he  r ing .  
The v ib ra t ion  f r equenc ie s  and  modal c h a r a c t e r i s t i c s  o f  t h e  f r e e l y  v i b r a t i n g  
r i n g  are examined i n  d e t a i l  w i t h  emphas is  on  phys ica l  in te rpre ta t ion  of  the  
ma themat i ca l  r e su l t s .  
The equat ions of  motion are developed  in  appendix  A .  These  equations are  
examined i n  t h e  main t e x t .  The i n d i v i d u a l  v i b r a t i o n  modes are i d e n t i f i e d  a n d  
simple e x p r e s s i o n s  f o r  t h e i r  c h a r a c t e r i s t i c  p r o p e r t i e s  ( for  example,   v ibrat ion 
f r equenc ie s )  are der ived .  The spa t ia l  and   t empora l   cha rac t e r i s t i c s   o f   each  
v i b r a t i o n  mode are i l l u s t r a t e d  i n  s e v e r a l  f i g u r e s .  F o r m u l a s  d e v e l o p e d  i n  t h i s  
paper  are a p p l i e d  t o  a n  example r ing  and  numer i ca l  r e su l t s  are presented .  
SYMBOLS 
A a r e a   o f   i n g  c r o s s   s e c t i o n ,  m 2 
A , , B , , C j p  ..., H j  modal  amplitudes  of homogeneous s o l u t i o n s  o f  wave equat ions  
CA r a t i o  between  amplitudes  of t w i s t  angle   and   ou t -of -p lane   def lec t ion ,  
rad/m 
3 
I l l l l l 1 l l l l l l l l l 1 l 1 l 1 l l l 1 l l l  I I 
modulus of e l a s t i c i t y ,  Pa 
nondimensional   constant   equal  t o  E I r / G J  
u n i t  d i r e c t i o n  v e c t o r s  of c u r v i l i n e a r  c o o r d i n a t e  s y s t e m  
u n i t  d i r e c t i o n  v e c t o r s  of c y l i n d r i c a l  c o o r d i n a t e  s y s t e m  
force vector ac t ing  on  cross s e c t i o n  
- 
components of F i n   c u r v i l i n e a r   c o o r d i n a t e   s y s t e m  
shear modulus, Pa 
ra t io  between amplitudes of t a n g e n t i a l  p e r t u r b a t i o n  a n d  r a d i a l  p e r t u r -  
bation,  nondimensional 
p o l a r  moment of i n e r t i a  of r i n g  cross s e c t i o n ,  m 4 
area moments of i n e r t i a  o f  r i n g  cross s e c t i o n ,  m 4 
u n i t  d i r e c t i o n  v e c t o r s  of i n e r t i a l  c o o r d i n a t e  s y s t e m  
t o r s i o n a l  c o n s t a n t  of r i n g  c r o s s  s e c t i o n ,  m4 
mode number 
moment vec to r  ac t ing  on  c ross  sec t ion  
components of fi i n   c u r v i l i n e a r   c o o r d i n a t e   s y s t e m  
r a d i u s  of u n s t r e s s e d  r i n g ,  m 
radius  change caused by c e n t r i f u g a l  f o r c e  
radius change caused by a small i n c r e m e n t  i n  s p i n  ra te  
l o c a t i o n  o f  r i n g  c e n t r o i d  i n  i n e r t i a l  s p a c e  
l o c a t i o n  o f  r i n g  f i b e r  i n  i n e r t i a l  s p a c e  
nondimensional  constant  equal t o  d G ~  
nondimensional   constant   equal   to  &&? 
nondimensional  constant  equal  to  
nondimens iona l   cons tan t   equa l   to  J- 
a r c  l e n g t h  f r o m  r e f e r e n c e  p o i n t  o n  r i n g  t o  a n y  o t h e r  p o i n t  o n  r i n g  
4 
Ta,Tb,Tc, ... po lynomia l   coe f f i c i en t s  
t ime,   sec  
r a d i a l  p e r t u r b a t i o n  v a r i a b l e ,  m 
in-plane nodal  f requency,  rad/sec 
t a n g e n t i a l  p e r t u r b a t i o n  v a r i a b l e ,  m 
i n -p l ane  noda l  ve loc i ty ,  m/sec 
ve loc i ty   o f   t r ansve r se  sound  waves,  equal t o  m, m/sec 
v e l o c i t y  o f  l o n g i t u d i n a l  sound  waves,  equal t o  \IE/P, m/sec 
e x t e r n a l l y  a p p l i e d  c o n t r o l  f o r c e  d e n s i t y ,  N/m 
components of W in   cu rv i l i nea r   coo rd ina te   sys t em 
- 
ou t -o f -p l ane  de f l ec t ion  pe r tu rba t ion  va r i ab le ,  m 
i n e r t i a l  c o o r d i n a t e  a x e s  
components of displacement for rigid body t r a n s l a t i o n  modes 
components  of v e l o c i t y  f o r  r i g i d  body t r a n s l a t i o n  modes 
r a d i a l  l o c a t i o n  o f  f i b e r  w i t h  r e s p e c t  t o  c e n t r o i d  
r a d i a l  l o c a t i o n  o f  t h e  i n n e r m o s t  f i b e r  w i t h  r e s p e c t  t o  c e n t r o i d  
a x i a l  l o c a t i o n  o f  f i b e r  w i t h  r e s p e c t  t o  c e n t r o i d  
a n g l e - o f - t w i s t  p e r t u r b a t i o n  v a r i a b l e ,  r a d  
shear ing  s t r a in ,  nondimensional 
s t ra in ,   nondimens iona l  
maximum s t r a i n  o c c u r r i n g  among f ibe r s  caused  by c e n t r i f u g a l  f o r c e  
s t r a i n  o f  l i n e  o f  c e n t r o i d s  c a u s e d  by c e n t r i f u g a l  f o r c e  
angular  components  €or  r igid body r o t a t i o n  modes, rad 
a n g u l a r  r a t e  components €or rigid body r o t a t i o n  modes, rad/sec 
angular  components  for  r ig id  body p recess ion  modes, rad  











mass  density of unstressed  ring, kg/m 3 
stress, Pa 
maximum  allowable  stress, Pa 
maximum  stress  occurring  among  fibers  caused  by  centrifugal  force, Pa 
shearing  stress, Pa 
spin  rate of ring, rad/sec 
spin  rate  required  to  produce  the  maximum  allowable  stress Oar rad/sec 
limiting  spin  rate  for  static  stability, rad/sec 
frequency  of  oscillation,  rad/sec 
velocity of transverse  sound  waves  divided  by  the  radius of the  ring, 
rad/sec 
US velocity of longitudinal  sound  waves  divided  by  the  radius of the 
ring , rad/sec 
Subscripts: 
B in-plane  bending  mode 
C in-plane  compression  mode 
D out-of-plane  bending  mode 
j mode  nu ber
P progressive  wave 
R regressive  wave 
S relative  to  n rtial  space 
T torsional  mode 
U in-plane  mode 
W out-of-plane  mode 
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Specia l  symbols: 
A dot   over  a v a r i a b l e  ( e . g . ,  ir) d e n o t e s  d i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o  
time. 
EQUATIONS OF MOTION 
The l i nea r i zed  equa t ions  o f  mot ion  fo r  a s t e a d i l y  r o t a t i n g  s l e n d e r  r i n g  
a re  de r ived  i n  appendix A .  The p r o p e r t i e s  o f  t h e  r i n g  and the  assumptions  used 
i n  t h e  d e r i v a t i o n  a r e  a s  f o l l o w s :  
1. The r i n g  is c i r c u l a r  and has a uniform cross section. 
2.  One p r i n c i p a l  a x i s  o f  t h e  c r o s s  s e c t i o n  i s  p a r a l l e l  t o  t h e  s p i n  a x i s .  
The o t h e r  p r i n c i p a l  a x i s  l i e s  i n  t he  p l ane  of t h e  r i n g .  
3. The r i n g  is r o t a t i n g  a b o u t  i t s  a x i s  a t  a c o n s t a n t  r a t e .  
4 .  Pe r tu rba t ions  of t h e  r i n g  from i t s  s t e a d y  s t a t e  a r e  s m a l l  so t h a t  pro- 
duc t s  o f  t he  pe r tu rba t ion  va r i ab le s  wi th  each  o the r  may be neglected.  
5. E x t e r n a l l y  a p p l i e d  f o r c e s  a r e  s m a l l  so t h a t  p r o d u c t s  of t h e s e  f o r c e s  
w i t h  t h e  p e r t u r b a t i o n  v a r i a b l e s  may be neglected.  
6 .  The s t r e s s - s t r a i n  r e l a t i o n s h i p s  o f  t h e  m a t e r i a l  o f  t h e  r i n g  a r e  l i n e a r .  
7 .  The damping of  the  mater ia l  o f  the  r ing  is n e g l i g i b l e .  
8. Deformations caused by t r ansve r se  shea r  a re  ignored .  
9 .  Rota ry  ine r t i a  t e rms  a re  inc luded .  
10 .  The r e l a t i v e  change in  the  r ad ius  o f  t he  r ing  caused  by i t s  s t eady  
r o t a t i o n  i s  smal l .  
11. The r a t e  o f  r o t a t i o n  i s  s m a l l  r e l a t i v e  t o  t h e  s p e e d  of sound t r a v e l i n g  
around the circumference of  the r ing.  
The small-per turbat ion equat ions of  motion der ived i n  appendix A 
(eqS. ( A 5 4 )  t o  ( A 5 7 )  ) a r e  
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where 
R is  spin rate. 
R  is  the  radius  of  the  unstressed  ring. 
A is  the  area  of  the  ring  cross  section. 
p is  the  mass  density of the  unstressed  ring. 
u is a  small-perturbation  displacement  in  the  radial  direction. 
v is  a  small-perturbation  displacement  in  the  tangential  direction. 
w  is  a  small-perturbation  displacement  perpendicular  to  the  plane of the 
ring. 
B is  the  small-perturbation  angle of rotation  about  the  line of centroids. 
W1, W 2 '  and W3 are  external  distributed  force  densities  (force  per  unit 
length)  acting  in  the  radial  direction,  tangential  direction,  and  per- 
pendicular  to  the  plane  of  the  ring,  respectively. 
u, V I  w, W1' W 2 #  and W3 are functions of s and t. 
t  is time. 
s is the arc  length  from  a  reference  point o  the  ring  to  any  other  point 
on the  ring. 
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A dot  over  a v a r i a b l e  d e n o t e s  d i f f e r e n t i a t i o n  w i t h  r e s p e c t  t o  t i m e .  
A prime a f t e r  a v a r i a b l e  d e n o t e s  a s p a t i a l  d e r i v a t i v e  w i t h  r e s p e c t  t o  s .  
The cons t an t s  appea r ing  in  equa t ions  (1) through (4 )  are de f ined  a s  fo l lows :  
J 
sJ = Jz 
I 
IP 
sP = d,. 
where 
E is t h e  modulus  of e l a s t i c i t y .  
G is the  shear  modulus.  
Ip is  t h e  p o l a r  moment o f  t h e  r i n g  c r o s s  s e c t i o n .  
J i s  t h e  t o r s i o n a l  c o n s t a n t  of t h e   c r o s s   s e c t i o n .  
1, and I, a r e   t h e   a r e a  moments of i n e r t i a   o f   t h e   c r o s s   s e c t i o n   w i t h  
r e s p e c t  t o  t h e  r a d i a l  d i r e c t i o n  a n d  t h e  s p i n  a x i s ,  r e s p e c t i v e l y .  
us i s  the speed of  propagat ion of  longi tudinal  sound waves d iv ided  by t h e  
r ad ius  o f  t he  r ing .  
ur is the speed of  propagat ion of  t ransverse sound waves d iv ided  by t h e  
r ad ius  o f  t he  r ing .  
s J I  sp,  and s, a re   ana logous   t o   t he   i nve r se   o f   t he   s l ende rness  
r a t i o  used in  the  des ign  of  co lumns .  
More s p e c i f i c  i n f o r m a t i o n  c o n c e r n i n g  t h e  d e f i n i t i o n  o f  t h e  v a r i a b l e s  and  con- 
s tants  used above may be found i n  appendix A. 
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STATIC  STABILITY 
T h i s  s e c t i o n  e x a m i n e s  t h e  p o s s i b i l i t y  of a s ta t ic  i n s t a b i l i t y  o c c u r r i n g  i n  
the   sp inn ing   r i ng .   G iven   an   i nc rease   i n   t he   r ad ius  of t h e  r i n g  AR, i f  t h e  
t ens ion  change  r equ i r ed  to  ba l ance  the  cen t r i fuga l  force i s  g r e a t e r  t h a n  t h e  
i n c r e a s e  i n  t e n s i o n  c a u s e d  b y  s t r e t c h i n g ,  t h e n  t h e  r a d i u s  w i l l  grow without 
bound.  Given the  unpe r tu rbed  sp inn ing  r ing ,  t he  t ens ion  caused  by  s t r e t ch ing  
de r ived  in  append ix  A i s  
The e q u i l i b r i u m  s t r a i n  i n  t h e  r i n g  i s  obta ined  by  equat ing  equat ions  (11) 
and ( 1 2 )  : 
AR 
R E  
2 
E O = - -  - (RQ) - . 
- 1 + - - ( R R ) 2  
P ( 
The l i m i t i n g  s p i n  ra te  RL,  below which t h e  r i n g  is  s t a t i c a l l y  s t a b l e  and  above 
which t h e  r i n g  i s  uns t ab le ,  i s  o b t a i n e d  b y  d i f f e r e n t i a t i n g  e q u a t i o n s  (11) 
and ( 1 2 )  w i th  r e spec t  t o  the  change  in  r ad ius  and  equa t ing  the  r e su l t s :  
T h e r e f o r e ,  t h e  i n s t a b i l i t y  o c c u r s  when t h e  s p i n  rate exceeds the speed of sound 
i n  t h e  material of t h e  r i n g  d i v i d e d  b y  t h e  r a d i u s  of t h e  u n s t r e s s e d  r i n g .  
To de te rmine  whe the r  t h i s  l imi t ing  sp in  ra te  would be a c h i e v e d  i n  p r a c t i c e ,  
t h e   s p i n  ra te  Ra r equ i r ed  t o  produce  the maximum allowable stress i n  t h e  
m a t e r i a l  Oa can be computed  and  compared wi th  R,. The maximum stress i n   t h e  
s t e a d i l y  s p i n n i n g  r i n g  is obtained  f rom  equat ions ( A l l )  and ( A 1 2 )  of appendix A :  
1 + -  R 
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where t h e   p e r t u r b a t i o n   v a r i a b l e s  are a l l  zero  and  xmin is t h e  r a d i a l  d i s t a n c e  
be tween the  innermost  f iber  and  the  cent ro id  and  has  a nega t ive  va lue .  Subs t i -  
t u t ion  o f  equa t ion  (13) i n t o  e q u a t i o n  (15), l e t t i n g  t h e  maximum s t r a i n  e q u a l  t h e  
a l l o w a b l e  s t r a i n ,  a n d  s o l v i n g  f o r  t h e  s p i n  ra te  y i e l d  t h e  maximum a l lowable  sp in  
ra te  based on the maximum a l lowab le  s t r a in  and  the  d imens ions  of t h e  r i n g :  
l + -  R 
For  example, l e t  the   r i ng   have  a square   c ross   sec t ion   of   d imens ion  a on 
e a c h   s i d e  w i t h  a < R/10. F o r   t h i s   c a s e ,  
1, 2 - a < -  << 1 
AR2 1 2 R 2  l 2 O o  
%in  - 1 a < - < <  1 "- 
R 2R 20 
Al so ,  cons ide r  t he  r ing  to  be  f ab r i ca t ed  from s t ee l  f o r  which ( r e f .  15)  
Applying  the  approximations  of  equations (17), (18), and (19) t o   e q u a t i o n  (16) 
y ie lds  an  approximate  formula  for  the  a l lowable  sp in  ra te  based  on  the  a l lowable  
stress o f  t he  material: 
a , = : -  : J: - 
Comparing equat ions  ( 2 0 )  and (14)  I 
11 
OUT-OF-PLANE  HOMOGENEOUS  OLUTIONS 
The out -of -p lane  v ibra t ion  modes ( d e f l e c t i o n  p e r p e n d i c u l a r  t o  t h e  p l a n e  of 
t he   r i ng   and   tw i s t ing   abou t  i t s  c e n t r o i d )  are examined i n  t h i s  s e c t i o n .  The 
equat ions of  motion of the out-of-plane modes are given by equat ions ( 3 )  
and ( 4 ) .  I n   t h e   a b s e n c e  of e x t e r n a l   i n f l u e n c e s   ( c o n t r o l   f o r c e s   a n d   g r a v i t y ) ,  
t h e  d i s t r i b u t e d  f o r c e  a c t i n g  p e r p e n d i c u l a r  t o  t h e   p l a n e   o f   t h e   r i n g  W3 is 
zero.  Because of t h e  g e o m e t r y  o f  t h e  r i n g ,  t h e  s t r u c t u r a l  p e r t u r b a t i o n  v a r i -  
ables are periodic i n  t h e  v a r i a b l e  s ,  t h a t  is ,  
for  a l l  s. As i n  a l l  wave e q u a t i o n s ,   t h e r e  is a family of s o l u t i o n s  t o  equa- 
t i o n s  ( 3 )  and ( 4 )  which s a t i s f y  t h e  c o n s t r a i n t s  of equat ions  (22)   and  (23) .  
A s s u m e  t h a t  e a c h  mode h a s  t h e  s o l u t i o n  
w ( s , t )  = A j cos  (g + uwj t )  + B j  s i n  ($ + uwjt)  
where t h e  mode number j i s  a nonnegat ive  integer   and Ww, i s  t h e   v i b r a t i o n  
frequency. 
Subs t i t u t ion   o f   equa t ions   (24 )   and   (25 )   i n to   equa t ions  ( 3 )  and ( 4 )  w i th  
W3 = 0 y i e l d s   t h e   f o l l o w i n g   a l g e b r a i c   e q u a t i o n s :  
(1 + j 2 2  sr )uWj2  - j (1 EG + l )ur2sJ2 - (1 - sr )I R 2 . 2  2 . 2  2 
= [ j2R(EG + l)Wr2SJ2 - 2jRSr 2 RwWj]CAj 




EG = - 
G J  
The cons t an t  EG re la tes  the   ou t -o f -p l ane   bend ing   s t i f fnes s  t o  t h e  t o r s i o n a l  
s t i f f n e s s ,  a n d  CA, is t h e  r a t i o  between  the  ampli tudes  of   the   angle  of rota- 
t i o n  of t h e  c r o s s  s e c t i o n  a n d  t h e  d e f l e c t i o n  of t h e  c e n t r o i d  p e r p e n d i c u l a r  t o  
t h e  p l a n e  of t h e  r i n g .  
Solving  equat ions  (26)   and ( 2 7 )  by   e l imina t ing  C A j  y i e l d s  a PolYnomial 
i n   t he   ou t -o f -p l ane   v ib ra t ion   f r equency  Ww,: 
1 where 
T~ = (1 + j sr )sP 2 2  2 
Tb = c(1 + j 2 S  r + j 4Sp2)EG + j 2 ( 1  + j2sr2 + Sp21wr2sJ2 
The roo t s  o f  equa t ion  ( 2 8 )  are  t h e  v i b r a t i o n  f r e q u e n c i e s  o f  t h e  o u t - o f - p l a n e  
modes.  The p r o p o r t i o n a l i t y   c o n s t a n t s  CAj between  the t w i s t  and  the  out-of-  
p l a n e  d e f l e c t i o n  f o r  e a c h  o f  t h e s e  modes are ob ta ined  by s u b s t i t u t i n g  t h e  v a l u e s  
o f  t h e  f r e q u e n c i e s  i n t o  e i t h e r  e q u a t i o n  ( 2 6 )  o r  ( 2 7 ) .  
The r e m a i n d e r  o f  t h i s  s e c t i o n  f i r s t  e x a m i n e s  t h e  v i b r a t i o n  c h a r a c t e r i s t i c s  
when t h e  s p i n  r a t e  i s  zero.  Then t h e  modes wi th  mode numbers of zero and one 
with  nonzero  spin r a t e  a r e  examined .   F ina l ly ,   t he   v ib ra t ion   cha rac t e r i s t i c s  of 
t h e  h i g h e r  numbered modes wi th  nonzero  sp in  ra te  are examined. 
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Zero Spin  R a t e  
I f   t h e   s p i n  ra te  R is zero,  then   equat ion   (28)   reduces  t o  
where 
The two roots of equat ion  (29)  of  grea tes t  magni tude  may be ca l cu la t ed  by  the  
quadra t ic  formula :  
S ince  the  expres s ion  unde r  the  r ad ica l  is  neve r  nega t ive ,  t he  va lues  o f  w T j  
a r e  real .  F o r   s l e n d e r   i n g s ,   t h e  values of Sr  and Sp are much less than  
one.   Consider   the  range of mode numbers j such   t ha t   j 2Sr2 ,  j Sp , and 
j2Sp2EG are  much less than   one .   Fo r   t h i s   r ange ,   equa t ion  (30) becomes 
2 2  
S u b s t i t u t i o n  o f  e q u a t i o n  (31 )   i n to   equa t ion   (26 )  y i e l d s  t h e  r a t i o  o f  t h e  o u t - o f -  
p l a n e   d e f l e c t i o n  w ( s , t )  t o  t h e  a n g l e  o f  t w i s t  B ( s , t ) :  
Equations  (31)  and (32 )  desc r ibe  the  ou t -o f -p l ane  modes  which c o n s i s t  p r i m a r i l y  
o f  tw i s t ing  mot ion  abou t  t he  l i n e  of centroids accompanied by a small d e f l e c t i o n  
perpendicular  t o  the  p l ane  o f  t he  r ing .  An example  of  th i s  type  of  mode is  
i l l u s t r a t e d  i n  f i g u r e  1. I n  t h i s  case t h e  d e f l e c t i o n  of t h e  c e n t r o i d  a n d  t h e  
r o t a t i o n  a b o u t  t h e  c e n t r o i d  combine to  produce  ro ta t ion  of t h e  cross s e c t i o n  
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about  a  point  which  is  near  the  outer  edge  of  the  ring.  Therefore,  the  outer 
surface  appears  to  be  relatively  undistorted,  while  the  inner  surface  shows a 
large  distortion. 
The  two  roots of equation (29) of least  magnitude  may  be  calculated  by  the 
quadratic  formula: 
For  the  range  of  mode  numbers  such  that j Sr2  and j Sp EG are  much  less 
than one, equation  (33)  becomes 
2 2 2  
Substitution of equation  (34)  into  equation ( 2 7 )  yields  the  ratio  of  the  angle 
of twist 6 ( s t  t)  to  the  out-of-plane  deflection  w(s,t) : 
'AD j - - i ( 11++E17j2) (35) 
Equations  (34)  and (35)  describe  the  out-of-plane  modes  which  consist  primarily 
of deflection  perpendicular  to  the  plane  of  the  ring  accompanied by a  small 
twisting  motion  about  the  line of centroids.  An  example  of  this  type  of  mode 
is  illustrated  in  figure 2. 
For mode  numbers  within  the  range  considered  above  but  significantly 





where j2 >> EG. 
\ 
Mode  Number of Zero 
I f   t h e  mode number j is zero ,   then   equat ion  (28 )  becomes 
4 
TaWwO - TbOwo2 = 0 
where 
Ta = Sp 2 
The  two nonzero  roots  of  equat ion  (40)  cor respond to  a uniform rotat ion of  
t he  r ing  abou t  t he  l i ne  o f  cen t ro ids  wh ich  has  a f requency  of  osc i l la t ion  of  
The dynamics of t h i s  c a s e  may be  wr i t t en  as 
w ( s , t )  = 0 
B(s,t)  = CT0 cos  WT0 t + DTO s i n  W T O t  
The f requency   of   th i s  mode is a f f e c t e d  by t h e  s p i n  r a t e .  I f  I, > I,, then  
the  f r equency  inc reases  wi th  inc reas ing  sp in  r a t e  and  has  a s t i f f e n i n g  e f f e c t .  
I f  I, < I,, the   f requency   decreases .  
Figure 3 i l l u s t r a t e s  t h i s  mode i n  a r i n g  w i t h  a r e c t a n g u l a r  c r o s s  s e c t i o n .  
The l o n g  a x i s  o f  t h e  c r o s s  s e c t i o n  i n  f i g u r e  3 ( a )  i s  nomina l ly  in  the  r ad ia l  
d i r e c t i o n .  A s  t h e  r i n g  s p i n s ,  t h e  c e n t r i f u g a l  f o r c e  i s  g r e a t e r  on t h e  o u t e r  
edge of the r ing than on the inner  edge.  This  produces a couple  which  tends  to 
f o r c e  t h e  r i n g  b a c k  t o  i t s  rest cond i t ion  and  thus  s t i f f ens  the  v ib ra t ion  mode. 
The l o n g  a x i s  o f  t h e  c r o s s  s e c t i o n  i n  f i g u r e  3 ( b )  i s  nomina l ly  pa ra l l e l  t o  
t h e  s p i n  a x i s .  I n  t h i s  case, t h e  c o u p l e  h a s  a n  e f f e c t  o p p o s i t e  t o  s t i f f e n i n g .  
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The couple  may overpower the e las t ic  r e s t o r i n g  f o r c e s  i f  t he  f r equenc ie s  g iven  
by  equation  (41) become complex.  This  occurs when 
and 1, > I=. When t h e s e   c o n d i t i o n s  are s a t i s f i e d ,  t h e  mode is  dynamically 
uns tab le .  The lowest s p i n - r a t e  l i m i t  imposed  by  equation  (43)  occurs when 
I, = 0. F o r   t h i s  case t h e   l i m i t i n g   s p i n  ra te  i s  wS which is i d e n t i c a l  t o  
tha t  g iven  by  equa t ion  (14 )  fo r  s t a t i c  s t a b i l i t y .  
For  j = 0,  t h e  mode frequency  given  by  equat ion  (40)   has  a double  solu- 
t ion  of  zero  which  implies a so lu t ion  fo rm d i f f e ren t  t han  equa t ions  (24 )  
and  (25) .  The dynamics  of t h i s  case may b e  w r i t t e n  as 
w ( s , t )  = z + it (44) 
T h i s  s o l u t i o n  i s  r i g i d  body t r a n s l a t i o n  a l o n g  t h e  i n e r t i a l  z - d i r e c t i o n  which 
n o m i n a l l y  c o i n c i d e s  w i t h  t h e  a x i s  of  t h e  r i n g  $s i s  shown i n  f i g u r e  4 .  The 
cons t an t  z i s  t h e   i n i t i a l   d i s p l a c e m e n t   a n d  z is t h e  ra te  of   displacement .  
Mode  Number of One 
I f   t h e  mode number j i s  one ,   then   equat ion  ( 2 8 )  becomes 
where 
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Equation  (45)  can be f a c t o r e d  i n t o  
where 
If t h e   r i n g  i s  very   s lender   such   tha t   Sr2   and  S Z 2  are  v e r y   s m a l l   r e l a t i v e  
to  uni ty ,  equat ion  (46)  may b e  f a c t o r e d  i n t o  
(owl2 - Q 2 )  [sp2Ww12 - (1 + EG)Wr2S J2  - ( S z 2  - Sr2)Qq = 0 (47) 
Two of t h e  roots of  equat ion (47)  correspond t o  t h e  t w i s t i n g  mode which 
has  a frequency of o s c i l l a t i o n  of 
Subs t i t u t ing   equa t ion   (48 )   i n to   equa t ion   (26 )   w i th  j = 1, assuming t h a t  Sr 
and Sp2 are very  small r e l a t i v e  t o  un i ty ,   and   a s suming   t ha t   t he   sp in  ra te  is  
much less than  or, y i e ld  the  p ropor t iona l i t y  cons t an t  be tween  the  ou t -o f -p l ane  
d e f l e c t i o n  w ( s ,  t )  and the angle  of t w i s t  6 ( s  , t)  : 
2 
which i s  s m a l l  f o r  s l e n d e r  r i n g s .  The s p i n  r a t e  h a s  a s m a l l  e f f e c t  on t h e  
f r equency  o f  t h i s  mode. 
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For  the  remain ing  roots o f  equa t ion  (47 ) ,  t w o  d i f f e r e n t  c a s e s  may be con- 
sidered. If t h e  s p i n  rate is z e r o ,  t h e n  t h e  mode frequency  has a double  solu- 
t i o n  of zero.  The dynamics of t h i s  case may be w r i t t e n  as 
T h i s  s o l u t i o n  is  a r i g i d  body r o t a t i o n  o f  t h e  r i n g  a b o u t  a l i n e  l y i n g  i n  t h e  
XY-plane which nominal ly  coincides  with the plane of t h e  r i n g ,  as shown i n  
f igurf t   5 .  The c o n s t a n t  8 is  t h e   i n i t i a l   r o t a t i o n   a n g l e   a b o u t   t h e  Y-axis 
and 8 i s  t h e  rate of r o t a t i o n   a b o u t   h e  Y-axis. The c o n s t a n t  @ is t h e  
i n i t i a l   r o t a t i o n   a n g l e   a b o u t   t h e   X - a x i s   a n d  @ is t h e  ra te  of r o t a t i o n   a b o u t  
the  X-axis.   These  angles  correspond to  t h e  p i t c h  a n d  r o l l  angles  of  Euler ian  
mechanics so long as t h e i r  v a l u e s  a r e  small. 
I f  t h e  s p i n  r a t e  i s  n o t  z e r o ,  t h e n  t h e  mode f requency  has  so lu t ions  equal  
t o  plus  and minus the spin ra te .  The  dynamics  of t h i s  c a s e  may b e  w r i t t e n  as:  
w ( s r  t) = R e  cos  (E + n t )  + R@ s i n  (z + n t )  + ReP cos (E - R t )  
+ R e p  s i n  (z - G t )  
B(sr t )  = -e cos (e + n t )  - @ s i n  (z + R t )  - eP cos (: - fit) 
- @p s i n  (E - at) (53) 
The f i r s t  p a i r  of terms of  equat ions  (52) and (53)  correspond to a c o n s t a n t  
i n c l i n a t i o n   o f   t h e   r i n g   a x i s   d e t e r m i n e d   b y   t h e   a n g l e s  8 and Q as shown i n  
f i g u r e  6.  The second pa i r  o f  terms of equa t ions  ( 5 2 )  and  (53)   descr ibe a gyro- 
s cop ic  p recess ion  shown i n  f i g u r e  7 .  The i n i t i a l  o r i e n t a t i o n  of t h e  r i n g  i s  
determined  by a r o t a t i o n  a b o u t  t h e  Y-axis o f  ang le  8, and a r o t a t i o n  a b o u t  
t h e  X-axis  of  angle Qp. 
I 
Mode Numbers of Two and Greater 
T h i s  s e c t i o n  e x a m i n e s  t h e  v i b r a t i o n  c h a r a c t e r i s t i c s  of the  out -of -p lane  
modes f o r  mode numbers o f  t w o  a n d  g r e a t e r  when t h e  s p i n  ra te  i s  s u b s t a n t i a l l y  
less than  ws and   t he   r i ng  is v e r y   s l e n d e r  so t h a t   t h e   q u a n t i t i e s   j 2 S r 2 r  
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j 2 2  S, , and j4Sp2 are  much less than uni ty .  With these condi t ions,  equa-  
t i on  (28 )  can  be approximated by 
where 
A s  d e s c r i b e d  i n  a p p e n d i x  B ,  t h e  s o l u t i o n s  o f  e q u a t i o n  (54 )  may be 
e x p r e s s e d  i n  t h e  form 
wwj = uwj k WDj, -u ? w wj T j  
where 
w . 2  = ( j 2  + E ~ ) ~ F ;  J 2  wr 
T I  
(55)  
(58) 
S ince   the   ou t -of -p lane   nodal   f requency  sj is  much smaller t h a n   t h e   v i b r a t i o n  
f requencies ,  wD, and wT,, it is  i g n o r e d   i n   t h e   f o l l o w i n g   d i s c u s s i o n .   T h i s  
e f f ec t ive ly   i gnores   t he   p re sence   o f  Tc i n   e q u a t i o n   ( 5 4 ) .  
Equation (58) i s  the  formula  for  the  f requency  of  v ibra t ion  of  the  out -of -  
p lane  mode which c o n s i s t s  p r i m a r i l y  o f  t w i s t i n g  m o t i o n  a b o u t  t h e  l i n e  of cen- 
t r o i d s  w i t h  small de f l ec t ion  pe rpend icu la r  t o  t h e  p l a n e  of t h e  r i n g .  The r a t i o  
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of the  ou t -o f -p l ane  de f l ec t ion  to  the  angle  of  t w i s t  is found by  subs t i tu t ing  
equat ion  (58)  in to  equat ion  (26)  : 
The p h a s e  v e l o c i t y  r e l a t i v e  t o  t h e  r o t a t i n g  r i n g  i s  obta ined  by mult iply-  
i n g  t h e  modal frequency ( w T j / 2 K )  by the wavelength ( 2 T R / j ) :  
VTj = F j(l + $)L I vr 
P 
where  vr i s  the   ve loc i ty   o f   t ransverse   sound  waves .  The signs  of  equa- 
t i o n  ( 6 0 )  are chosen so t h a t  t h e  v e l o c i t i e s  o f  t h e  t r a v e l i n g  waves  which move 
around the  r ing  i n  t h e  same d i r e c t i o n  as t h e  s p i n  r o t a t i o n  h a v e  p o s i t i v e  
v a l u e s .   I n   t h i s   p a p e r ,   t h e s e  waves are ca l led   p rogress ive .   Those  waves  which 
move i n  t h e  o p p o s i t e  d i r e c t i o n  are  c a l l e d  r e g r e s s i v e .  S i n c e  t h e  v e l o c i t i e s  
given by equat ion   (60)  are much l a rge r  t han  the  ve loc i ty  o f  t he  r ing  €&?, t h e  
apparent  f requency of  osci l la t ion and the phase veloci ty  which would be  
observed  f rom iner t ia l  space  are e f f e c t i v e l y  t h e  same as those  g iven  by  equa- 
t ions   (58)   and   (60) .  
Equation (57) i s  the  formula  €or  the  f requency  of  v ibra t ion  of  the  out -of -  
plane mode which cons i s t s  p r imar i ly  o f  de f l ec t ion  pe rpend icu la r  t o  the  p l ane  
o f  t he  r ing  wi th  small r o t a t i o n  a b o u t  t h e  l i n e  o f  c e n t r o i d s .  The r a t i o  o f  t h e  
angle  of  t w i s t  t o  t h e  o u t - o f - p l a n e  d e f l e c t i o n  is found by subst i tut ing equa-  
t i o n   ( 5 7 )   i n t o   e q u a t i o n  ( 2 7 )  : 
The p h a s e  v e l o c i t y  r e l a t i v e  t o  t h e  r o t a t i n g  r i n g  is obta ined  by mul t ip ly ing  
t h e  modal frequency by the wavelength:  
where  vs i s  t h e   v e l o c i t y  of longi tudinal   sound  waves.  
The p h a s e  v e l o c i t y  r e l a t i v e  t o  i n e r t i a l  space i s  obta ined  by  adding  the  
nominal   veloci ty   of  a p o i n t  o n  t h e  r i n g  Ra t o  t h e  p h a s e  v e l o c i t y  r e l a t i v e  t o  
t h e   r i n g  : 
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The apparent  f requency  of  osc i l la t ion  observed  a t  a p o i n t  f i x e d  i n  i n e r t i a l  
space i s  obta ined  by d iv id ing  the  appa ren t  phase  ve loc i ty  by the wavelength: 
F o r  s m a l l  r o t a t i o n  r a t e s  R, t h e  modal f r equenc ie s  and  phase  ve loc i t i e s  
are  determined  mainly by t h e   r i n g ' s   m a t e r i a l   p r o p e r t i e s  (E ,  G ,  and p)  and 
the  geometr ic   parameters  ( I r I  J ,  A ,  and R ) .  F o r   l a r g e   r o t a t i o n   r a t e s ,   t h e  
modal f r equenc ie s  and phase veloci t ies  approach the fol lowing values:  
v = ?& 
Dj 
where fi is  s i g n i f i c a n t l y   l a r g e r   t h a n  jSrws. 
The r e s to r ing  fo rces  caused  by t h e  t e n s i o n  i n  t h e  r i n g  a r e  l a r g e  i n  com- 
pa r i son  t o  the  r e s to r ing  fo rces  caused  by m a t e r i a l  s t r a i n  so t h a t  g i v e n  a suf -  
f i c i e n t l y  h i g h  r o t a t i o n  r a t e ,  t h e  o u t - o f - p l a n e  d e f l e c t i o n  modes of  the  r ing  
approach  the  solut ions  €or  a spinning  loop  of   s t r ing  (which  has  1, = 0 ) .  
Equation  (66) shows t h a t  t h e  p h a s e  v e l o c i t i e s  r e l a t i v e  t o  t h e  m a t e r i a l  a p p r o a c h  
the  l inear  ve loc i ty  of  the  edge  of  the  r ing  in  both  the  progress ive  and regres-  
s i v e  waves.  Equation  (67) shows t h a t  t h e  p h a s e  v e l o c i t i e s  r e l a t i v e  t o  i n e r t i a l  
space approach a va lue  twice  the  r ing  speed  for  the  progress ive  wave and  a very 
s low ve loc i ty  €o r  the  r eg res s ive  wave. 
The mater ia l   o f   the  r i n g  has  a ve loc i ty   o f  Ri?,. The p rogres s ive  wave 
t r ave l s  a round  the  r ing  in  advance  o f  t he  ma te r i a l  a t  a t o t a l  v e l o c i t y  o f  2RR 
as  shown i n  f i g u r e  8 .  The r e g r e s s i v e  wave shape is a lmos t  s t a t iona ry  in  space  
with a s l i g h t  r e t r o g r a d e  movement. To an obse rve r ,  t he  ma te r i a l  of t h e  r i n g  
would appear  to  be  fo l lowing  a t r a c k  which i s  a lmost  f ixed  i n  space  as  shown 
i n  f i g u r e  9. 
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The  following  development  examines  the  out-of-plane  structural  modes  in  a 
more  conventional  manner  than was done above.  Application of trigonometric 
identities  to  equations (24) and (25) yields the  following  alternative  form  for 
the modal  equations: 
W 
w(s,t) = 1 (., cos - js cos wDjt + B cos - js sin wDjt - R j R 
j = 2  
+ Cj sin - sin 
- 1s %,t + D, - 
R  sin * R cos wDjt) 
B(s,t) = 2 CADj(Aj cos - Js cos %,t + B j  cos - sin w - j s  R  R  Djt 
j = 2  
where  the  modal  frequencies coDj are  given by  equation (57) and  the  propor- 
tionality  constant  between  the  twist  angle  and  the  out-of-plane  deflection 
CADj is given  by  equation (61) and  where 
Therefore,  the  out-of-plane structural  modes may  be  represented  as  the  sum of
products  of  sinusoidal  functions of s (mode  shapes)  and  sinusoidal  €unctions 
of  time  (oscillations).  Since  the  mode  shapes  are  a  function  of s only, 
standing  waves do not  move  with  respect to  the material  of the ring;  that  is, 
the  nodes of the  standing  waves  are  fixed  in  the  material. 
Consider,  €or  example,  any  one ofi the  terms of equation (69): 
Consider  an  observation  point  fixed  in  inertial  space  and  located at a  is- 
tance x along  the circumference  of  the ring  measured  from  the  X-axis.  The ’ deflection  of  the  ring  observed at this  point  is  the  deflection at 
2 3  
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S u b s t i t u t i n g  e q u a t i o n  ( 7 3 )  i n to  equa t ion  (72 )  y i e lds  the  mot ion  o f  an  ou t -o f -  
p l ane  s t and ing  wave r e l a t i v e  t o  t h e  i n e r t i a l  c o o r d i n a t e  s y s t e m :  
I n  t h e  limit f o r  R + a, equation  (65) may b e  s u b s t i t u t e d  i n t o  e q u a t i o n  ( 7 4 ) .  
Subsequent  t r igonometr ic  manipula t ions  y ie ld  the  fo l lowing  representa t ion  €or  
t h e  modal behav io r  o f  t he  r ing  a t  h igh  sp in  rates as seen by a f i x e d  o b s e r v e r :  
- 
x + COS l ( x  - 2Ri-k) 
R 1 (75) 
This  equat ion  cons is t s  of  two terms. The f i rs t  i s  a s inusoida l  shape  of  the  
r i n g  which i s  f i x e d  i n  t i m e .  The second i s  a s inuso ida l  shape  which t r a v e l s  
a round the  r ing  a t  twice t h e  r i m  speed.  Figure 10 i l l u s t r a t e s  t h e  m o t i o n  o f  a 
s tanding wave desc r ibed  by equation (75) as would  be  viewed  by a f ixed  observer .  
The r ing  achieves  i t s  maximum d e f l e c t i o n  i n  f i g u r e s  1 0 ( a )  a n d  1 O ( g )  w i t h  i n t e r -  
med ia t e   pos i t i ons   i n   f i gu res   10 (b )   t h rough  l O ( f ) .  The square symbol  on t h e s e  
f i g u r e s  i d e n t i f i e s  t h e  r e f e r e n c e  p o i n t  f i x e d  i n  t h e  r i n g  a t  s = 0. Although 
the  crest  and troughs ( a t  maximum d e f l e c t i o n )  a l t e r n a t e  when viewed r e l a t i v e  t o  
a point  which is  f i x e d  t o  t h e  r i n g ,  t h e y  a l w a y s  o c c u r  a t  t he  same l o c a t i o n s  i n  
i n e r t i a l  s p a c e ,  as can  be seen by comparing figures lO(a)  and 1O(g) .  
The a n a l y s i s  o f  t h i s  s e c t i o n  h a s  b e e n  l i m i t e d  t o  a range of mode numbers 
f o r  which the  quant i t ies   j2Sr2,   j2SZ2,   j2SP2,   and  j4Sp2 are much l e s s   t h a n  
u n i t y .  S i n c e  t h e  e f f e c t s  o f  t r a n s v e r s e  s h e a r  upon the  deformation of t h e  r i n g  
are neglected in  the development  of  the equat ions of motion of appendix A ,  t h e  
equat ions der ived above may g i v e  i n a c c u r a t e  r e s u l t s  f o r  mode numbers  beyond t h e  
ind ica ted   range .  However, f o r  l a r g e  mode numbers wi th in   the   range ,   severa l   o f  
t he  equa t ions  can  be  s impl i f i ed  to  the  fo l lowing :  
-1 I p  
'ATj AR = "(1 + EG) 
I 
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1 + EG 
R 
- cmj  - - 
where j 2  >> EG. 
For   h igh   sp in  ra tes ,  equat ions  (82)   and  (83)  become 
2 sr vs 
S D  j 2 m  
2 2  
V = - j  + 2 m  
IN-PLANE HOMOGENEOUS SOLUTIONS 
The c h a r a c t e r i s t i c s  of t h e  i n - p l a n e  v i b r a t i o n  modes ( d e f l e c t i o n s  i n  t h e  
r a d i a l  a n d   t a n g e n t i a l   d i r e c t i o n s )  are examined i n  t h i s  s e c t i o n .  The equa t ions  
of motion of the  in -p lane  modes are g iven  by equat ions  (1) and ( 2 ) .  I n  t h e  
absence of e x t e r n a l  i n f l u e n c e s  ( c o n t r o l  f o r c e s  a n d  g r a v i t y ) ,  t h e  d i s t r i b u t e d  
forces a c t i n g   i n   t h e   p l a n e  of t h e   r i n g ,  W1 and W2, are zero.  A s  i n  t h e  
out-of-plane case, t h e  s t r u c t u r a l  p e r t u r b a t i o n  v a r i a b l e s  are p e r i o d i c  i n  t h e  
v a r i a b l e  s t  t h a t  i s ,  
u ( s  + 2TR) = u ( s )   ( 8 6 )  
€or a l l  s. A s  i n  a l l  wave e q u a t i o n s ,   t h e r e  is a fami ly  of s o l u t i o n s  of equa- 
t i o n s  (1) a n d   ( 2 )   w h i c h   s a t i s f y   t h e   c o n s t r a i n t s  of equat ions  (86)   and ( 8 7 ) .  
A s s u m e  t h a t  e a c h  mode h a s  t h e  s o l u t i o n  
2 5  
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v(s,t) = Gj cos (g sin ($ + uujt) 
where  the  mode  number  j is a  nonnegative  integer. 
Substitution of equations (88) and (89) into  equations (1) and  (2)  yields 
the  following  simultaneous  algebraic  equations: 
where 
The  constant  GF,  is  the  ratio  between  the  amplitudes of tangential  deflection 
of the  centroid  and  its  radial  deflection. 
Solving  equations (90) and  (91)  by  eliminating GFj  yields  a  polynomial 
in  the  in-plane  vibration  frequency ’ 
4 
Tawuj - TbWuj 
3 - TcWu,  2 + TdWuj + Te = 0 (92) 
where 
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The remainder of t h i s  s e c t i o n  f i r s t  examines  the  v ib ra t ion  cha rac t e r i s t i c s  
when t h e  s p i n  rate is ze ro .  Then t h e  modes wi th  mode number equa l  t o  ze ro  and  
one  with  nonzero  spin rate are e x a m i n e d .  F i n a l l y ,  t h e  v i b r a t i o n  c h a r a c t e r i s t i c s  
of t h e  h i g h e r  numbered modes with nonzero spin ra te  are examined. 
Zero Spin R a t e  
I f   t h e   s p i n  rate fi is  ze ro ,   t hen   equa t ion   (92 )   r educes   t o  
TawUj4 - TCWuj2 + Te = 0 
where 
The two r o o t s  of equat ion  (93)  of  grea tes t  magni tude  may be  ca lcu la ted  by t h e  
quadra t ic  formula :  
S ince  the  expres s ion  unde r  the  r ad ica l  is  neve r  nega t ive ,  t he  va lues  of wc, 
are r e a l .   F o r   s l e n d e r   r i n g s ,  Sz is much less than  one.   Consider   the  range 
of mode numbers j s u c h   t h a t  j2Sz2 i s  much less than   one .   For   th i s   range ,  
equat ion  (94)  becomes 
wc = t Jj'.. us 
Subs t i t u t ion  o f  equa t ion  (95 )  i n t o  e q u a t i o n  ( 9 1 )  y i e l d s  t h e  r a t i o  o f  t h e  
t a n g e n t i a l  d e f l e c t i o n  v (s, t) t o   t h e   r a d i a l   d e f l e c t i o n  u (s,  t) : 
(95) 
GFCj = -j (96) 
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Equations (95) and (96) desc r ibe  the  in -p lane  modes which c o n s i s t  p r i m a r i l y  of 
compression  and  stretching of t h e  l i n e  of c e n t r o i d s  w i t h  little bending. An 
example of t h i s  t y p e  of mode i s  i l l u s t r a t e d  i n  f i g u r e  11. 
The t w o  roots of equat ion  (93) of l eas t  magnitude may be ca l cu la t ed  by  the  
quadra t ic  formula  
For   the   range   of  mode numbers  uch t h a t  j2SZ2 i s  much less than  one,  equa- 
t i o n  (97 )  becomes 
Subs t i t u t ion  o f  equa t ion  (98 )  in to  equa t ion  (91) y i e l d s  t h e  ra t io  of t h e  r a d i a l  
d e f l e c t i o n  u (s I t)  t o  t h e  t a n g e n t i a l  d e f l e c t i o n  v ( s I  t)  : 
-1 
GFC j 
= j  (99) 
Equations  (98)  and (99)  desc r ibe  the  in -p lane  modes  which c o n s i s t  p r i m a r i l y  o f  
bending of t h e  l i n e  of c e n t r o i d s  w i t h  l i t t l e  compression  and  s t re tching.  An 
example of t h i s  t y p e  o f  mode i s  i l l u s t r a t e d  i n  f i g u r e  1 2 .  
For  mode numbers wi th in  the  r ange  cons ide red  above  bu t  s ign i f i can t ly  
g rea t e r   t han   one ,   equa t ions   (95 )   and   (98 )   r educe   t o   t he   fo l lowing :  
where j 2  >> 1. 
Mode Number of Zero 
If t h e  mode number j i s  ze ro ,   t hen   equa t ion   (92 )  becomes 
TaWuO 
4 - TcWuO2 = 0 
2 8  
where 
Ta = (1 + S Z 2 )  
Tc = (1 + S, ) Ws + ( 3  - sz2)R2 
F o r   s l e n d e r   r i n g s ,   t h e   c o n s t a n t   S z 2  may be  ignored.  The t w o  nonzero  roots  of 
equat ion  (102)  correspond t o  a r a d i a l  o s c i l l a t i o n  of t h e  r i n g  w i t h  no bending 
which has a f r e q u e n c y  o f  o s c i l l a t i o n  o f  
S u b s t i t u t i o n  of e q u a t i o n  ( 1 0 3 )  i n t o  e q u a t i o n  ( 9 1 )  y i e l d s  t h e  r a t i o  o f  t a n g e n t i a l  
d e f l e c t i o n  t o  r a d i a l  d e f l e c t i o n :  
The re la t ive  magni tudes  and  phas ing  of  the  rad ia l  and  tangent ia l  terms are  such 
t h a t  t h e  a n g u l a r  momentum o f  t h e  r i n g  i s  cons t an t .  
The r a d i a l  o s c i l l a t i o n  mode i s  i l l u s t r a t e d  i n  f i g u r e  1 3 . ,  F o r  t h i s  f i g u r e  
the  parameter  FCO (eq. ( 8 8 ) )  is z e r o .   F i g u r e   1 3 ( a )  shows t h e   r i n g  a t  i t s  
i n i t i a l   c o n d i t i o n  ( t  = 0 ) .  The r a d i u s  i s  inc reased   by   t he  amount ECO. The 
t a n g e n t i a l  v e l o c i t y  o f  t h e  r i n g  i s  t h e  sum of the   nominal   ve loc i ty ,  RQ, and 
t h e  t i m e  d e r i v a t i v e   o f   t h e   v a r i a b l e   v ( s , t ) .   S i n c e   t h e   r a d i u s   o f   t h e   r i n g  i s  
l a rge r  t han  the  nomina l  r ad ius  a t  t = 0 ,  t h e  r i n g  rotates  a t  a speed less than  
nominal .   Figure  13(b)  shows t h e  r i n g  a f t e r  o n e - q u a r t e r  c y c l e  o f  o s c i l l a t i o n  
( t  = T / ~ w c o ) .  The r a d i u s  of the  r ing  equals  the  nominal  rad ius  and  is decreas-  
ing .  Because  the  r ing  w a s  r o t a t i n g  a t  a slower  than  nominal ra te  p rev ious ly ,  
i t  has   r e t a rded  by an  amount GFCOECO. T h i s   r e t a r d a t i o n  is shown by  the  loca-  
t i o n  o f  t h e  mass element  a t  s = 0 (denoted   by   the   dark   square   f ixed   to   the  
r i n g )  r e l a t i v e  t o  i t s  nominal   locat ion  (denoted by t h e  l i g h t  s q u a r e ) .  The r i n g  
is now r o t a t i n g  a t  i t s  nominal ra te  and is dece le ra t ing .   F igu re   13 (c )  shows 
t h e  r i n g  a f t e r  o n e - h a l f  c y c l e  o f  o s c i l l a t i o n  , ( t  = T/wc0) .  The r a d i u s  of t h e  
r i n g  i s  now less  than  nominal  by  the amount ECO; t h e  r i n g  is r o t a t i n g  a t  a ra te  
which i s  g rea t e r  t han  nomina l  and  the  p rev ious  r e t a rda t ion  has  been  cance led .  
F igu re  13 (d )  shows t h e  r i n g  a f t e r  t h r e e - q u a r t e r s  c y c l e  of o s c i l l a t i o n  
(t = 3T/2Wc0). The r a d i u s  of t h e  r i n g  i s  now equal  t o  i ts  nominal  va lue ;  the  
r i n g  i s  r o t a t i n g  a t  its nominal rate and i s  d e c e l e r a t i n g .  The i n d i c a t e d  mass 
element has progressed ahead of i t s  nominal  c i rcumferent ia l  loca t ion .  
The doub le  roo t  a t  zero in  equa t ion  (102)  imp l i e s  a solut ion which is n o t  




u ( s , t )  = R (105) 
Subs t i tu t ing   equat ions   (105)   and   (106)   in to   equat ions  (1) and ( 2 )  y i e l d s  
$ = Arbi t ra ry   va lue   (108)  
The parameter I/J s p e c i f i e s  a n  a r b i t r a r y  a n g u l a r  d i s p l a c e m e n t  o f  t h e  r i n g  a b o u t  
i t s  s p i n   a x i s .  The parameter I/J s p e c i f i e s  a cons tan t   increment   in   the   sp in  
r a t e  of t h e  r i n g ;  t h a t  i s ,  t h e  a c t u a l  s p i n  ra te  i s  e q u a l  t o  52 + I/J/P.. The 
parameter is the   change   in   the   rad ius   o f   the   r ing   caused  by the   change   i n  
c e n t r i p e t a l  f o r c e  a c t i n g  o n  t h e  r i n g .  
Mode  Number of One 
If t h e  mode number j is  one,   then  equat ion  (92)  may b e  w r i t t e n  i n  t h e  
f a c t o r e d  form 
The roo t s  o f  t he  quadra t i c  term of equation (109) are 
-R * J R 2  + (1 + 2S22)(R2 + 2us2) 
%1 = 
1 + 2s, 2 
S u b s t i t u t i o n  of equat ion (110) in  equa t ion  (91 )  y i e lds  the  r a t io  of   the  tangen-  
t i a l  d e f l e c t i o n  t o  t h e  r a d i a l  d e f l e c t i o n :  
Assuming t h a t  t h e  s p i n  r a t e  i s  s u b s t a n t i a l l y  l e s s  t h a n  us and t h a t  t h e  param- 
e ter  SZ2 i s  much less than   un i ty   reduces   equat ion  (110) t o  
ucl = q / T W s  
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This  so lu t ion  is a compression mode i n  wh ich  the  r ing  ma in ta ins  its c i r cu -  
lar  shape but  moves i n  such a way as  to  keep i ts  c e n t e r  of mass f i x e d  i n  s p a c e .  
This  mode for  t h e   n e g a t i v e  value of equation  (112)  and FC1 (eq. ( 8 8 ) )  equa l  
t o  zero  is  i l l u s t r a t e d  i n  f i g u r e  1 4 .  A t  t i m e  zero  ( f ig .  1 4 ( a ) ) ,  t h e  s h a p e  of 
t h e  r i n g  is  s h i f t e d  i n  t h e  posit ive x -d i r ec t ion  wh i l e  m o s t  of t h e  mass is  d i s -  
p l a c e d  i n  t h e  n e g a t i v e  x - d i r e c t i o n .  A f t e r  o n e - h a l f  c y c l e  o f  o s c i l l a t i o n  
( f i g .  1 4 ( c ) ) ,  t h e  r i n g ' s  s h a p e  h a s  r o t a t e d  c o u n t e r c l o c k w i s e  t o  t h e  n e g a t i v e  
x-d i rec t ion  and  the  mass has  accumulated i n  t h e  p o s i t i v e  x - d i r e c t i o n .  F o r  t h e  
p o s i t i v e  v a l u e  of equa t ion  (112), the  mot ion  is similar e x c e p t  t h a t  t h e  r i n g ' s  
shape rotates  clockwise.  The sum o f  t h e s e  t w o  modes produces  the  standing-wave 
motion of f i g u r e  15 where t h e  r i n g  is  o s c i l l a t i n g  f r o m  s i d e  t o  s ide .  F ig-  
ures 14 and 15 which i l l u s t r a t e  t h i s  mode f o r  z e r o  s p i n  ra te  are r e p r e s e n t a t i v e  
of the motion of t h i s  mode f o r  n o n z e r o  s p i n  rate because the frequency of  oscil-  
l a t i o n  of t h e  mode is so much g r e a t e r  t h a n  a. 
The double root in  equa t ion  (109)  implies a solut ion which is n o t  o f  t h e  
form  of  equations (88) and  (89) .  For t h i s  case, t h e   f o l l o w i n g  f o r m  may be 
used : 
These  so lu t ions  r ep resen t  r i g id  body t r a n s l a t i o n s  a n d  ra tes  i n  t h e  p l a n e  o f  t h e  
r i n g .  They are i l l u s t r a t e d   i n   f i g u r e  16. 
Mode Numbers of  Two and Greater 
T h i s  s e c t i o n  e x a m i n e s  t h e  v i b r a t i o n  c h a r a c t e r i s t i c s  o f  t h e  i n - p l a n e  modes 
for  mode numbers of  t w o  and  g rea t e r  when t h e  s p i n  ra te  is s u b s t a n t i a l l y  l ess  
than us and   t he   r i ng  i s  ve ry   s l ende r  so t h a t   j 2 S z 2  is much less  than   un i ty .  
I n  a d d i t i o n ,  assume t h a t  t h e  roots of  equat ion (92)  are each much g r e a t e r  t h a n  
I 4jRSZ2.  With these  assumptions , equation  (92)  can  be  approximated  by 
where 
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wuj = u j  2 W B j I  -u j  5 wcj 
where 
wcpj - - w c j  - u j  
Equations (120)  and ( 1 2 1 )  w i th   equa t ions  ( 1 1 7 )  and (118) a r e   t h e   f o r m u l a s  
f o r  t h e  f r e q u e n c i e s  o f  v i b r a t i o n  of the  in-p lane  modes which  cons is t  p r imar i ly  
o f  bend ing  o f  t he  l i ne  of cen t ro ids  wi th  little compression and stretching. 
The r a t i o s   o f   t h e   a m p l i t u d e s   o f   t h e   t a n g e n t i a l  movement v ( s , t )  t o  t h e  r a d i a l  
d e f l e c t i o n   u ( s , t )  are found by s u b s t i t u t i n g   e q u a t i o n s  ( 1 2 0 )  and ( 1 2 1 )  i n t o  
equat ion (91) : 
1 
G F B R j  j 
”- ( 1 2 4  
1 
G F B P j  j 
= -  ( 1 2 5  
where GFBRj and GFBpj are t h e  ratios co r re spond ing   t o   t he   f r equenc ie s  W B R ~  
and wBpj ,  r e s p e c t i v e l y .  
3 2  
The phase  velocities  relative  to  the  rotating  ring  are  obtained  by  multi- 
plying  the  modal  frequencies  (mBgj/2T  and  wBPj/2n)  by  the  wavelength  (2TR/j): 
where  vs is the  velocity of longitudinal  sound  waves.  The  signs  of  equa- 
tions  (126)  and  (127) are  chosen so that  the  velocities of the  traveling  waves 
which  move  around  the  ring in the  same  direction  as  the  spin  rotation  (progres- 
sive  waves)  have  positive  values. 
Consider  the  solution of equations  (88)  and  (89)  where Fj = 0, wUj - WBpj, - 
and i? << S,Ws. Substitution of equation  (121)  into  equations  (88)  and  (89) 
and  using  equations  (117)  (118),  and  (125)  yield  the  following: 
where 
u(s,t) = E j cos 
Equations  (128)  and  (129)  describe  a  sinusoidal  traveling  wave  which  progresses 
ahead of the  nominal  material  motion  with  the  relative  velocity 
where 
This  mode  consists  mainly of bending of the  line of centroids  with  little  com- 
pression  and  stretching.  Since  the  spin  rate  is  substantially  less  than SzWs, 
the  vibration  frequencies  and  phase  velocities  are  primarily  functions of the 
geometric  and  material  properties of the  ring (E, p ,  A, I,, and  R)  and  the 
mode  numbers.  Figure 17 illustrates  this  mode  for j = 2. 
Similarly,  consider  the  solution of equations (88) and (89) where F, = 0, 
wu, = U B R ~ ,  and i? << S,wS. Substitution of equation  (120)  into  equations (88) 
and (89) and  using  equations  (117) , (118) , and (124) yield  the  following: 
(135 
where u. and w are given by equations (130) and (131). 
3 B j  
Equations  (135)  and  (136)  describe  a  sinusoidal  traveling  wave  which 
regresses  behind  the  nominal  material  motion  with  the  relative  velocity 
where vBj and v are given by equations (133) and (134). Figure 18 shows 
this  mode for j = 2. 
j 
Since wB, is  substantially  larger  than  the  spin  rate  for  mode  numbers of
two and greater, the apparent phase velocities, v and v and  the 
apparent  vibration  frequencies, WsBpj and wSBRj, which  would  be  Seen  by a 
stationary  observer  are  essentially  equal  to  vBPj,  vBR,, wBPj,  and WBRjI 
respectively. 
SBP j SBR j 
Given  that  the  ring  has  both  progressive  and  regressive  in-plane  bending 
modes of equal  amplitude,  the  resultant  motion  would  have  a  standing-wave 
character.  Adding  the  two  traveling  waves  described  by  equations (128), (129), 
(135),  and  (136)  and  applying  trigonometric  identities  yield  the  following 
equations  for  the  in-plane  bending-mode  standing  waves: 
where u and w are given by equations (130) and (1311, Ej = 2E,, and 




similar t o  equat ions  (138)  and  (139)  except  for  in te rchanges  in  the  s ine  and  
cos ine  ope ra to r s .  The re fo re ,  t he  in -p lane  s t ruc tu ra l  bend ing  modes may be 
r ep resen ted  by t h e  sum o f  p roduc t s  o f  s inuso ida l  func t ions  o f  t i m e  ( o s c i l l a -  
t i ons )   and   s inuso ida l   func t ions   o f   d i s t ance   a long   t he   r i ng  s and t i m e  (mode 
shapes ) .   S ince   t he  mode shapes are func t ions   o f  t i m e  as w e l l  as s ,  the   s tand-  
ing  waves move w i t h  r e s p e c t  t o  t h e  material o f  t h e  r i n g .  The nodes of the 
s t and ing  waves may be S a i d  t o  move a long  the  r ing  a t  some noda l  ve loc i ty .  The 
nodal   veloci ty   of   the   bending  s tanding waves i s  e q u a l   t o  V, (eq.   (134)) i n  
t h e  d i r e c t i o n  o p p o s i t e  t o  t h e  r o t a t i o n  o f  t h e  r i n g .  I n  o t h e r  w o r d s ,  t h e  modes 
r e g r e s s  a t  t h e   v e l o c i t y  v, r e l a t i v e   t o   t h e  material. A t  t i m e  e q u a l   t o   z e r o ,  
the  deformat ion  var iab les  as seen by a f ixed  obse rve r  can  be  p lo t t ed  as shown i n  
the   upper  two cu rves   o f   f i gu re   19 .  The rad ia l   d i sp lacement  u is  g r e a t e r   t h a n  
the   t angen t i a l   d i sp l acemen t  v by t h e   f a c t o r   j .   A f t e r   o n e - q u a r t e r   c y c l e   o f  
o s c i l l a t i o n ,  t h e  p l o t s  f o r  b o t h  v a r i a b l e s  c o l l a p s e  t o  z e r o ,  c o r r e s p o n d i n g  t o  a n  
undeformed r ing  (not  shown) .  Af te r  one-ha l f  cyc le  of  osc i l la t ion  ( t  = I T / U B ~ ) ,  
t h e   v a r i a b l e s  u and v a t t a i n   t h e   p l o t s  shown i n   t h e   l o w e r  two curves  of  
f i gu re   19 .  The r ing   and   t he  s coordinate  system  have moved by t h e  amount 
mt.  The nodes  of  the mode shape  have  lagged  behind  by  an  amount v j t .   F i g -  
u re  20 shows t h e  r i n g  w i t h  a bending-mode s t and ing  wave f o r  j = 2 .  After   one 
f u l l  c y c l e  o f  o s c i l l a t i o n  (t = 2n/wBj) ,  t he  r ing  has  ro t a t ed  th rough  an  ang le  
of fit a n d   t h e   s t r u c t u r a l  mode shape  has  lagged  behind  by  an  angle  of  (vj/R)t .  
For  h igher  sp in  rates,  t h e  c h a r a c t e r  of the  bending modes changes. The 
above  analysis   considered low s p i n  rates f o r  which fl << SzWs. The fol lowing 
ana lys i s   examines   h ighe r   sp in   r a t e s   fo r   wh ich  SZws << fi << us. For   t h i s   r ange  
of  sp in  ra tes ,  the  above  development  appl ies  except  for  the  formulas  for  wBj 
and  vBj  which become 
where Szws << $2 << us. The frequencies   and  phase  veloci t ies   of   the   bending 
modes a r e  now func t ions  o f  t he  t ens ion  in  the  r ing  caused  by c e n t r i f u g a l  f o r c e .  
The p rogres s ive  bending-mode t r a v e l i n g  wave desc r ibed  by equations (128)  
and  (129)   for   high  spin rate and j = 2 is  i l l u s t r a t e d   i n   f i g u r e  21.  This  
f i g u r e  is similar t o  t h e  f i g u r e  f o r  low s p i n  ra te  ( f i g .  1 7 )  e x c e p t  f o r  the 
speed  of  ro ta t ion  of  the  r ing ' s  shape  and  the  movement o f  t h e  r i n g ' s  m a t e r i a l  
r e l a t i v e  t o  t h e  r i n g ' s  s h a p e .  F o r  low s p i n  rates,  t h e  r i n g ' s  s h a p e  r o t a t e d  a t  
a r e l a t i v e l y  s l o w  rate which w a s  s i g n i f i c a n t l y  f a s t e r  t h a n  t h e  n o m i n a l  r o t a t i o n  
ra te  of  the  r ing .  For  h igh  sp in  rates,  t h e  r i n g ' s  s h a p e  r o t a t e s  a t  a r e l a t i v e l y  
high rate which i s  a t  most twice as f a s t  as the  nominal  ro ta t ion  rate o f  t h e  
r ing .   For  j = 2 (shown i n   f i g .  2 1 ) ,  t h e   r e l a t i v e   p h a s e   v e l o c i t y  vBP is  a 
f r a c t i o n  o f  t h e  material v e l o c i t y .  The r i n g  may thus  appea r  t o  have  a gixed 
d i s t o r t i o n  a n d  to  be r o t a t i n g  as a r i g i d  body.  This  i l lus ion  d iminishes  wi th  
inc reas ing  mode number. 
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The r e g r e s s i v e  bending-mode t r a v e l i n g  wave desc r ibed  by equations (135) 
and  (136)   for   high  spin  ra te   and j = 2 is  i l l u s t r a t e d   i n   f i g u r e  22. This  
f i g u r e  is s i m i l a r  t o  f i g u r e  18 f o r  low s p i n  r a t e  e x c e p t  t h a t  now the speed of  
t h e  wave s h a p e  r e l a t i v e  t o  t h e  m a t e r i a l  is  equal  to  the  speed  of  the  mater ia l  
i n  t h e  o p p o s i t e  d i r e c t i o n .  T h e r e f o r e ,  t h e  s h a p e  o f  t h e  r i n g  is f i x e d  i n  s p a c e  
and  the  ma te r i a l  moves a round  th i s  f i xed  con tour .  
The phase  ve loc i t i e s  o f  t hese  modes r e l a t i v e  t o  i n e r t i a l  s p a c e ,  v S B P j  
and V S B R ~ ,  a r e   o b t a i n e d  by adding   the   nominal   ve loc i ty   o f   the   r ing  & t o  
t h e  phase v e l o c i t i e s   r e l a t i v e   t o   t h e   r i n g ,   v B P j   a n d   v B R j ,   g i v e n  by equa- 
t ions  (126)  and ( 1 2 7 )  : 
The a p p a r e n t   f r e q u e n c i e s   o f   o s c i l l a t i o n ,  wsspj and wsBRj, observed  from 
i n e r t i a l  s p a c e  a r e  o b t a i n e d  by d i v i d i n g  t h e  a p p a r e n t  p h a s e  v e l o c i t i e s  by t h e  
wavelength: 
Given tha t  t he  r ing  has  bo th  p rogres s ive  and  r eg res s ive  in -p lane  bend ing  
modes of  equal  amplitude  and S z W s  << << Us, equat ions  (138) and (139) apply 
excep t   ha t  wBj i s  given by equat ion   (140) .   F igure  2 3  shows the  deformation 
v a r i a b l e  a s  s e e n  by  a f i x e d  o b s e r v e r  a t  t i m e  e q u a l  t o  z e r o  and a f t e r  o n e - h a l f  
cyc le   o f   osc i l la t ion .   Us ing   equat ion   (140) ,   the   t ime  for   one-ha l f   cyc le   o f  
o s c i l l a t i o n  i s  
The m a t e r i a l  of t he  r ing  has  moved a d i s t a n c e  e q u a l  t o  
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Using  equa t ion  (134) ,  t he  d i s t ance  t h a t  t h e  mode o f  t h e  s t a n d i n g  wave has  
regressed  re la t ive t o  t h e  material i s  
Subtract ing  equat ion  (148)   f rom  (147)   gives   the spa t ia l  d isp lacement   o f   the  
mode of t h e  s t a n d i n g  wave: 
which is  equal  t o  one -ha l f  o f  t he  wave leng th  o f  t he  s t ruc tu ra l  de fo rma t ion .  
The re fo re ,  t he  peaks  and  va l l eys  o f  t he  s t ruc tu ra l  v ib ra t ions  occur  a t  t h e  same 
loca t ions  in  space  and  do  no t  i n t e rchange  as w a s  t h e  case f o r  v e r y  low s p i n  
rates shown i n  f i g u r e  19. Figure  24 shows t h e  r i n g  w i t h  a bending-mode s tand-  
ing wave f o r  j = 2. 
Equat ions ( 1 2 2 )  and  (123)  with  equations (117) and (119)  a r e   t he   fo rmulas  
f o r  t h e  f r e q u e n c i e s  of v i b r a t i o n  of t he  in -p lane  modes  which c o n s i s t  p r i m a r i l y  
o f  compress ion  and  s t r e t ch ing  o f  t he  l i ne  o f  cen t ro ids  wi th  l i t t l e  bending. 
The r a t i o s   o f   t h e   a m p l i t u d e s   o f   t h e   t a n g e n t i a l  movement v ( s , t )  t o  t h e  r a d i a l  
d e f l e c t i o n   u ( s ,  t )  are found  by   subs t i tu t ing   equat ions   (122)   and   (123)   in to  
equat ion (91) : 
where GFCRj and G F C P j  
and w c p j l  r e s p e c t i v e l y .  
are t h e   r a t i o s   c o r r e s p o n d i n g  to  t h e   f r e q u e n c i e s  wCR, 
The phase ve loc i t ies  r e l a t i v e  t o  t h e  r o t a t i n g  r i n g  are  obtained by mult i -  
p l y i n g   t h e  modal frequencies  (ucRj/2F  and uCpj/2F)  by the  wavelength  (2FR/j):  
1 2Rfi 
j 2  + 1 
S i n c e  t h e s e  v e l o c i t i e s  are  much l a r g e r  t h a n  t h e  v e l o c i t y  of t h e  r i n g  &, t h e  
apparent   f requencies  of o s c i l l a t i o n ,  wscpj and wsCRjl and  the   apparent   phase  
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velocities, v and vSCRj I that  would  be  observed  from  inertial  space  are 
effectively  the  same as those  given  by  equations  (1221,  (123) , (152) I and  (153). SCP j 
Consider  the  solution of equations (88) and (89) where F, = 0 ,  
and (89) and  using  equations  (117), (119), and  (151)  yield  the  following: 
Wuj = Wcpj I and 0 << us. Substitution of equation  (123)  into  equations (88) 
where 
Jj" + 1 ws 
(155 
(156 
Equations (154) and  (155)  describe  a  sinusoidal  traveling  wave  which  progresses 
ahead of the  nominal  material  motion  with  the  relative  velocity 
vcpj - vcj + v 
j 
where 
v Cj = $+-vs 1
j2 
This  mode  consists  mainly of tension  and  compression  distortions  with  very 
little  bending of the  ring's  material.  The  phase  velocity  is  primarily  a  func- 
tion of the  material  and  geometric  properties of the  ring. 
Similarly,  consider  the  solution of equations (88) and (89) where Fj = 0 ,  
wU, = wCRj,  and fi << us. Substitution of equation  (122)  into  equations  (88) 
and (89) and  using  equations (117), (119),  and  (150)  yield  the  following: 
u(s,t) = E j cos [$ + ( W c j  - Ujt) 1 
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v ( s , t )  = -,Ej s i n  [s + (wc - u j t )  1 
where u and wcj are given  by  equations  (156)  and  (157) . Equations  (161) 
and (162) describe a s i n u s o i d a l  t r a v e l i n g  wave which r eg res ses  beh ind  the  
nominal material mot ion  wi th  the  r e l a t ive  ve loc i ty  
j 
where vc, and v j  are  g iven  by equations  (159)  and  (160).  
G iven  tha t  t he  r ing  has  bo th  p rogres s ive  and  r eg res s ive  in -p lane  compres- 
s i o n  modes of  equal  ampl i tude ,  the  resu l tan t  mot ion  would have a standing-wave 
cha rac t e r .  Adding t h e  two t r a v e l i n g  waves descr ibed  by equations  (1541,  (1551, 
(161) ,  and  (162)  and  apply ing  t r igonometr ic  ident i t ies  y ie ld  the  fo l lowing  equa-  
t i o n s  f o r  t h e  compression-mode  standing  waves: 
u ( s , t )  = E, COS ($ - u . t )  COS U c j t  
v ( s ,  t )  = - s i n  (& - u . t )  c o s  w C j t  
- 
7 - 
7 R 3 
where u j  and U c j  a r e   g i v e n  by equations  (156)  and (157), E, = 2E,, and 
fl << us. Since   t he  mode shapes   a r e   func t ions   o f  t i m e  as w e l l  as s ,  the   s tand-  
ing  waves move wi th  respect t o  t h e  m a t e r i a l  o f  t h e  r i n g .  The nodal  ve loc i ty  of  
the  compression  s tanding waves i s  e q u a l   t o  V, (eq. ( 1 6 0 ) )   i n   t h e   d i r e c t i o n   o f  
ro t a t ion   o f   t he   r i ng .   In   o the r   words ,   t he  modes progress  a t  t h e   v e l o c i t y  V, 
r e l a t i v e  t o  t h e  m a t e r i a l .  
- 
A t  t ime  equa l  t o  ze ro ,  t he  de fo rma t ion  va r i ab le s  as seen  by a f i x e d  
observer  can  be  p lo t ted  as shown in  the  uppe r  two cu rves  o f  f igu re  25.  The 
tangent ia l   d i sp lacement  v is g r e a t e r   t h a n   t h e   r a d i a l   d i s p l a c e m e n t  u by t h e  
f a c t o r  j .  A f t e r   o n e - q u a r t e r   c y c l e   o f   o s c i l l a t i o n ,   t h e   p l o t s   f o r   b o t h   v a r i a b l e s  
co l l apse   t o   ze ro ,   co r re spond ing   t o   an  undeformed ring  (not  shown).   After  one- 
h a l f   c y c l e   o f   o s c i l l a t i o n  (t  = r / w c j ) ,  t h e   v a r i a b l e s  u and v a t t a i n   t h e  
p l o t s  shown i n   t h e   l o w e r  two cu rves   o f   f i gu re  25. The r ing   and   the  s coordi-  
nate  system  have moved by t h e  amount mt.  The mode shape  has moved an  addi- 
t i o n a l  amount v j t .   F i g u r e  26 shows the   r i ng   wh ich   has  a compression-mode 
s tanding  wave f o r  j = 3 .  A f t e r   o n e   f u l l   c y c l e   o f   o s c i l l a t i o n  (t = 2IT/wc,), 
t he  r ing  has  ro t a t ed  th rough  an  ang le  o f  flt a n d  t h e  s t r u c t u r a l  mode shape  has 
moved through a n  a d d i t i o n a l   a n g l e   o f   ( v j / R ) t .  
The ana lys i s  o f  t h i s  s ec t ion  has  been  l imi t ed  to a range of mode numbers 
for   which j2Sz2  is much less t h a n   u n i t y .   S i n c e   t h e   e f f e c t s  of t r a n s v e r s e  
shear  upon t h e  d e f o r m a t i o n  o f  t h e  r i n g  are neglec ted  in  the  deve lopment  of t h e  
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equat ions of motion of appendix A ,  t he  equa t ions  de r ived  above  may give inaccu-  
rate r e s u l t s  f o r  mode numbers  beyond the  ind ica t ed  r ange .  However, for l a r g e  
mode numbers w i t h i n  t h e  r a n g e ,  s e v e r a l  of the  equa t ions  can  be s i m p l i f i e d  t o  
the  fol lowing : 
V BR j = - \ij s z  vs + (RR) 
V BP j = d m + -  (RR? 
V - -v - CR j S 
V = v  CP j S 
where j2 >> 1. For l o w  s p i n  rates,  the   formulas   for   the   bending  modes  become 
V = -jS v BR j z s  
where j2 >> 1 and << S z w s .  For   h igher   sp in  rates , the   formulas   for   the  
bending modes become 
w = jR 
Bj 
V BRj = -Ra 
VBP j = F &  
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I 
V SBPj = 2* 
usBpj = - 2 j R  
where j 2  >> 1 and S,uS << 52 << us. 
EXAMPLE 
S o l u t i o n s  f o r  a n  example r ing  were  computed us ing  the  formulas  of  the  
p rev ious  sec t ions .  The example r ing  has  a r ad ius  o f  360 m and a 1.4-cm-square 
c r o s s  s e c t i o n .  The mass d e n s i t y  o f  t h e  material i s  1.8 g/cm3, Young's  modulus 
i s  280 GPa, and t h e  s h e a r i n g  modulus i s  110 GPa. The o the r  phys i ca l  cha rac t e r -  
istics o f  t h e  r i n g  are  g i v e n  i n  t a b l e  I .  
The h ighes t  sp in  rate cons ide red  fo r  t h i s  example  is 1 rad/sec.   This  
= 8.338 X l o d 4  as computed  by equat ion  (13 )  . The maximum s t eady- s t a t e  
s t r e s s  is Omax = 0.2335 GPa as computed  by equa t ion   (15 ) .  The v a l i d i t y   o f  
the  approximations  of   equat ions (A50) through (A53) u s e d  i n  d e r i v i n g  t h e  equa- 
t ions  of  mot ion  in  appendix  A have been checked. 
s p i n  rate produces a s t e a d y - s t a t e  s t r a i n  o f  t h e  l i n e  o f  c e n t r o i d s  o f  
The out-of-plane  f requencies ,  wT,, and wD,, were  computed  from 
equat ion  (28)   using  the  procedure  of   appendix B. The nodal   f requencies   uwj 
are p l o t t e d  i n  f i g u r e  27.  The v i b r a t i o n  f r e q u e n c i e s  o f  t h e  t o r s i o n a l  modes 
wT, and  of   the  out-of-plane  def lect ion modes wDj are p l o t t e d   i n   f i g u r e  28 .  
. The r a t i o s   o f   t h e   o u t - o f - p l a n e   d e f l e c t i o n   t o   t h e  t w i s t  a n g l e   f o r   t h e   t o r s i o n a l  
modes CA;fj were computed  by equat ion  (26)  . The r a t i o s   o f   t h e  t w i s t  a n g l e   t o  
t h e   o u t - o f - p l a n e   d e f l e c t i o n   f o r   t h e   d e f l e c t i o n  modes CAD, w e r e  computed by 
equat ion  ( 2 7 ) .  T h e s e   r a t i o s   f o r  52 = 1 rad/sec  are p l o t t e d   i n   f i g u r e  29. The 
p h a s e  v e l o c i t i e s  f o r  t h e  o u t - o f - p l a n e  modes a r e  p l o t t e d  i n  f i g u r e s  30 and  31. 
The in-p lane   f requencies ,  u, ,  uc,, and uBj ,  w e r e  computed  from  equa- 
t ion  (115)   using  the  procedure  of   appendix B. The nodal   f requencies  
p l o t t e d   i n   f i g u r e  32 and   t he   v ib ra t ion   f r equenc ie s ,  ucj  and wB,, are p l o t t e d  
i n  f i g u r e  3 3 .  The r a t io s  o f  t he  ampl i tudes  o f  t he  t angen t i a l  mo t ions  to  the  
a m p l i t u d e s  o f  t h e  r a d i a l  d e f l e c t i o n s  w e r e  computed  from  equation (90) f o r  com- 
p res s ion  modes and  from  equation  (91)  for  bending modes.  These r a t i o s  f o r  
i-2 = 1 rad/sec are p l o t t e d  i n  f i g u r e  34. The n o d a l  v e l o c i t i e s  f o r  t h e  i n - p l a n e  
are 
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modes are p l o t t e d  i n  f i g u r e  35.  The  phase v e l o c i t i e s  €or the  in-p lane  v ibra-  
t i o n  modes are p l o t t e d  i n  f i g u r e s  36 and  37.  These v e l o c i t i e s  are r e l a t i v e  t o  
t h e  n o d a l  v e l o c i t i e s .  
Note t h a t  t h e  q u a n t i t i e s  p l o t t e d  i n  f i g u r e s  27 through 37 are func t ions  o f  
on ly  in t ege r  va lues  o f  t he  mode number j .  The curves   have   been   fa i red   to  
improve t h e i r  r e a d a b i l i t y .  
For the example problem being considered here,  the out-of-plane nodal 
f requencies  u are small a n d   d o   n o t   s i g n i f i c a n t l y   c o n t r i b u t e   t o   t h e   s o l u t i o n  
of the  problem. The i n - p l a n e  n o d a l  f r e q u e n c i e s  s u b s t a n t i a l l y  c o n t r i b u t e  t o  t h e  
v i b r a t i o n a l  b e h a v i o r  o f  t h e  r i n g  f o r  low-numbered modes. 
w j  
The f r e q u e n c i e s   o f   t h e   t o r s i o n a l  modes wT, and the  compression modes w 
Cj 
are rough ly  p ropor t iona l  t o  mode number. S i n c e  t h e  c r o s s  s e c t i o n  o f  t h e  r i n g  1s 
square (I, = I r ) ,  t h e  f r e q u e n c i e s  o f  t h e  t o r s i o n a l  modes are independent of spin 
rate.  The p h a s e   v e l o c i t i e s   o f   t h e   t o r s i o n a l  modes vT j  are approximately  equal 
t o  the speed of  t ransverse sound waves in  the material o f  t he  r ing .  The phase 
ve loc i t ies   o f   the   compress ion  modes VC, are approximately  equal   to   the  speed 
of longitudinal sound waves.  
The f r equenc ie s  of the   ou t -o f -p l ane   de f l ec t ion  modes klDj and of t h e  
in-plane  bending modes wB, a r e   func t ions   o f   bo th  mode number  and s p i n  r a t e .  
Given l o w  s p i n  rates o r  h i g h  mode numbers ,  the restor ing moments caused by bend- 
ing are l a r g e r  t h a n  t h e  r e s t o r i n g  moments caused  by  tens ion  in  the  r ing .  Under 
t h e s e  c o n d i t i o n s ,  t h e  r i n g  v i b r a t e s  much l i k e  a l i n e a r  beam.  The v i b r a t i o n  
frequencies  are p r o p o r t i o n a l  t o  mode number squared  j2   and are independent  of 
s p i n  ra te .  The p h a s e  v e l o c i t i e s  are p r o p o r t i o n a l  to mode number. For   h igh   sp in  
r a t e s  and  low mode numbers ,  the restor ing moments caused by tension dominate so 
t h a t  t h e  r i n g  v i b r a t e s  much l i k e  a f l e x i b l e  s t r i n g  h e l d  u n d e r  t e n s i o n .  The 
v i b r a t i o n  f r e q u e n c i e s  a r e  p r o p o r t i o n a l  t o  mode number and t o  s p i n  ra te .  The 
p h a s e  v e l o c i t i e s  a p p r o a c h  t h e . v e l o c i t y  of t h e  r i n g  RQ. 
The out -of -p lane   def lec t ion  w ( s , t )  and  the t w i s t  ang le  B(s,t) v i b r a t e  
i n  p h a s e .  F o r  t h e  d e f l e c t i o n  mode, t h e  r a t i o  of t h e  t w i s t  ang le  to  the  ou t -o f -  
p lane   def lec t ion   ranges   f rom - l / R  t o  -(1 + E G ) / R  rad/m.   For   the  tors ional  
mode, t h e r e  i s  very l i t t l e  out -of -p lane  def lec t ion .  
The t a n g e n t i a l  movement v ( s , t )  a n d   t h e   r a d i a l   d e f l e c t i o n  u ( s , t )  v i b r a t e  
in   quadrature .   For   the  in-plane  bending mode, the  ra t io  be tween the  ampl i tudes  
o f  t h e  t a n g e n t i a l  movement a n d  t h e  r a d i a l  d e f l e c t i o n  is approximate ly  equal  to  
the  inve r se  o f  t he  mode number.  For the  compression mode, t h i s  r a t i o  i s  
approximately equal  to  the mode number. 
CONCLUSIONS 
Small-amplitude dynamics of a s t e a d i l y  r o t a t i n g  s l e n d e r  r i n g  h a v e  b e e n  
examined .  Der ived  were  l i nea r  pa r t i a l  d i f f e ren t i a l  equa t ions  which d e s c r i b e  
f l e x u r a l  and  ex tens iona l  mot ions  in  the  p lane  of  the  r ing  ( in-p lane  bending  and  
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compression modes) ,  f lexural  motions perpendicular  t o  t h e  p l a n e  of t h e  r i n g  
(out-of-plane bending modes),  and twisting motions about the centroid of t h e  
r i n g  c r o s s  s e c t i o n  ( t o r s i o n a l  modes). The fo l lowing   conclus ions  were drawn 
f r o m  t h e  i n v e s t i g a t i o n :  
1. A maximum s p i n  r a t e ,  beyond  which t h e  r i n g  is s t a t i c a l l y  u n s t a b l e ,  h a s  
been  found.  Given  an  increase  in  the  rad ius  of t h e  r i n g ,  if the  tens ion  change  
r equ i r ed  t o  b a l a n c e  t h e  c e n t r i f u g a l  f o r c e  is g r e a t e r  t h a n  t h e  i n c r e a s e  i n  t e n -  
s i o n  c a u s e d  b y  s t r e t c h i n g ,  t h e n  t h e  r a d i u s  w i l l  grow without  bound.  This 
i n s t a b i l i t y  o c c u r s  when t h e  s p i n  rate approaches the speed of longi tudina l  sound 
waves d iv ided  by  the  r ad ius  o f  t he  uns t r e s sed  r ing .  Fo r  p rac t i ca l  ma te r i a l s  
such as s t e e l ,  t h e  r i n g  w i l l  f a i l  i n  t e n s i o n  w e l l  b e f o r e  t h i s  s p i n  ra te  can be 
achieved.  
2.  The s p i n  ra te  can  have  an  e f f ec t  upon t h e  v i b r a t i o n  f r e q u e n c y  o f  t h e  
t o r s i o n a l  modes. If t h e  cross s e c t i o n  i s  s u c h  t h a t  t h e  a x i s  of g r e a t e s t  moment 
of i n e r t i a  i s  paral le l  t o  the  r ad ius  vec to r  f rom the  cen te r  o f  t he  r ing ,  t hen  
t h e  t o r s i o n a l  modes are s t i f f e n e d  b y  i n c r e a s e s  i n  s p i n  rate.  But, if t h e  a x i s  
o f  g r e a t e s t  moment o f  i n e r t i a  i s  pe rpend icu la r  t o  t h e  r a d i u s  v e c t o r ,  t h e n  t h e  
t o r s i o n a l  modes are  so f t ened  by  inc reases  in  sp in  ra te .  The t o r s i o n a l  mode wi th  
mode numbers of zero becomes dynamical ly  unstable  a t  a s p i n  ra te  which is near  
t h e  l i m i t  f o r  s t a t i c  s t a b i l i t y .  
3 .  The s p i n  ra te  a f f e c t s  t h e  n a t u r e  o f  t h e  b e n d i n g  modes o f  t h e  r i n g .  
Given l o w  s p i n  rates o r  h igh  mode numbers, t he  r ing  behaves  l i ke  a v i b r a t i n g  
beam. F o r  h i g h  s p i n  r a t e s  a n d  l o w  mode numbers, t h e  r i n g  v i b r a t e s  l i k e  a 
f l e x i b l e  s t r i n g  u n d e r  t e n s i o n .  
4 .  Standing waves (mode shapes)  move w i t h   r e s p e c t   t o   t h e   r i n g .   F o r   t h e  
out-of-plane  modes,   this  nodal  motion i s  ins ign i f i can t .   Th i s   mo t ion  i s  s i g n i f i -  
can t  for  in -p lane  bending  modes wi th  l o w  mode numbers. 
5. Some modes of a s p i n n i n g  r i n g  would appear t o  a f i x e d  o b s e r v e r  t o  b e  
s u r f a c e  movement a long a fixed,  warped,  contour.   Such modes might  pose a prob- 
l e m  i n  t h e  d e s i g n  of an  ac t ive  cont ro l  sys tem because  of d i f f i c u l t i e s  i n  o b t a i n -  
i n g  t h e  rates of change  o f  t he  pe r tu rba t ion  va r i ab le s .  
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APPENDIX A 
\ 
DERIVATION  OF EQUATIONS OF MOTION 
The l i nea r i zed  equa t ions  o f  mot ion  fo r  a s t e a d i l y  r o t a t i n g  s l e n d e r  r i n g  
are de r ived  in  th i s  append ix .  The de fo rma t ions  o f  t he  r ing  are de f ined  by t h e  
th ree -d imens iona l  d i sp l acemen t  o f  t he  cen t ro id  o f  t he  r ing ' s  c ros s  sec t ion  and  
the  ang le  o f  t w i s t  o f  t he  r ing  abou t  t he  l i ne  o f  cen t ro ids .  The stresses 
wi th in  the  r ing  and  the  l i nea r  and  angu la r  acce le ra t ions  o f  each  mass element 
o f  t h e  r i n g  are de r ived  as func t ions  of  the  r ing  deformat ions .  Deformat ions  
caused  by  shear are no t  i nc luded  in  th i s  deve lopmen t .  Eu le r ' s  equa t ion  and  
Newton's l a w  are  u s e d  t o  o b t a i n  a l i n e a r i z e d  s y s t e m  o f  p a r t i a l  d i f f e r e n t i a l  
equat ions  which  def ine  the  dynamics  of  the  per turba t ion  var iab les  wi th  respec t  
t o  t i m e  and locat ion around the circumference of  the r ing.  
Geometry of Ring 
The geometry  of   the  r ing i s  shown i n  f i g u r e  38. The r i n g  is  a s l e n d e r  
piece  of   mater ia l   formed  into  the  shape  of  a hoop w i t h  r a d i u s  R. The r i n g  
l i e s  i n   t h e   p l a n e   o f   t h e  X and Y i n e r t i a l   a x e s .  Choose t h e   p o i n t  P ,  which 
happens t o  b e  a t  t h e  i n t e r s e c t i o n  o f  t h e  r i n g  w i t h  t h e  X - a x i s ,  as a r e fe rence  
poin t ;  then  any  poin t  Q o n  t h e  r i n g  may b e  i d e n t i f i e d  by t h e  v a r i a b l e  s which 
is set  e q u a l  t o  t h e  l e n g t h  o f  t h e  a r c  PQ. Given a s t eady  s p i n  rate R, t h e  
wing  expands t o  a new r a d i u s ,  R + OR. The angle   between  l ine OP and  the  X-axis 
is e q u a l   t o  a t .  Since  the  r ing,   being  uniform,   expands  equal ly   in  a l l  d i r e c -  
t i o n s ,  t h e  a n g l e  POQ does not  change and the length of  the arc PQ becomes 
(1 + AR/R) S. 
The displacement of t h e  c e n t r o i d  of t he  r ing  caused  by s t r u c t u r a l  deforma- 
t i o n s  is shown i n   f i g u r e  39. Given t h e   p e r t u r b a t i o n   v a r i a b l e s   u ,   v ,   a n d  w ,  
t h e  p o i n t  Q moves a d i s t a n c e  v a long  the  a rc  of  the  undeformed r ing  to  Q 1 ,  
a d i s t a n c e  u a long a r a d i u s   t o  Q2, and a d i s t a n c e  w p a r a l l e l   t o   t h e   Z - a x i s  
to Q3- 
The vec to r  which l o c a t e s  t h e  p o i n t  
a s  
+ s i n  - + (E R + & ?  V + 
where u t   v ,  and w are f u n c t i o n s  of 
Q3 i n  i n e r t i a l  s p a c e  may b e  w r i t t e n  
n t )  ;] + wk A 
d i r e c t i o n  v e c t o r s  p a r a l l e l  t o  t h e  X- ,   Y- ,  and  Z-axes,   respectively.   Given  that  
u t  v,  and w are very small, equat ion ( A l )  may b e   w r i t t e n   i n  terms of   cy l in-  
d r i c a l  c o o r d i n a t e s :  
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where the  cy l ind r i ca l  coord ina te  sys t em is  de f ined  a t  t h e  p o i n t  Q as shown i n  
f i g u r e  39. The v e l o c i t y  a n d  a c c e l e r a t i o n  are w r i t t e n  as  fol lows:  
Forces and Moments 
A cu rv i l i nea r  coord ina te  sys t em is developed ;o a i d  i n  d e r i v i n g  t h e  s t r e s s  
and s t r a in   o f   t he   de fo rmed   r ing .  L e t  t h e   v e c t o r  e2 be   def ined   tangent   to   the  
deformed l i n e  of cen t ro ids  o f  t he  r ing  as shown i n  f i g u r e  40. Then, 
where t h e   p r i m e   d e n o t e s   d i f f e r e n t i a t i o n   w i t h   r e s p e c t  to  s and  where IFc' I 
has been approximated by 
R + * R + v '  + -  U 
R R 
Le t   he   vec to r   e l   beAdef ined   pezpend icu la r   t o   t he   vec to r  $2 and   the   vec tor  
ob ta ined   by   ro ta t ing  eZ about  e2 through B, the   angle   o f  t w i s t  of t h e  




' L e t  t h e   v e c t o r  




E 3 A  A 
b e   d e f i n e d   p e r p e n d i c u l a r   t o   t h e   v e c t o r s  g1 and s2 SO 




Equations ( A 5 )  through ( A 7 )  def ine  vec tors  which  have  lengths  of  un i ty  
p l u s  terms which are p roduc t s  of t h e  p e r t u r b a t i o n  v a r i a b l e s ;  t h a t  is, el, e2, 
and e3 are u n i t   v e c t o r s   t o   t h e  f irst  o r d e r .   S i n c e   t h e   p e r t u r b a t i o n   v a r i a b l e s  
are assumed t o  be small q u a n t i t i e s  a n d  n o n l i n e a r  terms :re iznored throughout 
t h i s  development of l i n e a r i z e d   e q u a t i o n s ,   t h e  vectors el, e2, and g3 are 
t r e a t e d  as u n i t  d i r e c t i o n  v e c t o r s .  
h A 
h 
Assume t h a t  t h e  c r o s s  s e c t i o n  o f  t h e  r i n g  i s  p e r p e n d i c u l a r  t o  c2 and  the  
p r i n c i p a l  axes co inc ide   w i th  $1 and G 3 .  L e t  t h e  components   of   the   forces  
a c t i n g  on t h e  c r o s s  s e c t i o n  o f  t h e  r i n g  be (F l IF2 ,F3)  a l igned  to  the  ($1,;2,e^3) 
t r i a d .  The  component F2 is  t h e   t e n s i l e   f o r c e   i n   t h e   r i n g  and  F1  and  F3 
are s h e a r  f o r c e s .  L e t  any  ex te rna l ly  app l i ed  in f luences  be r ep resen ted  by t h e  
d i s t z i b y t e d   f o r c e s  (force p e r   d i s t a n c e )  Wl, W2, and W3 a l igned  to  t h e  
($ l r  e2 ,e3)  t r iad .  Given  a shor t  segment  of  the  r ing  of  length  ds  , t h e  sum of 
forces  ac t ing  on  the  segment  i s  
dF = [k(FIG1 + F2g2 + F3G3) + (WIGl + W2G2 + w3G3)l d s  
Ignoring  products   of  u ,  v ,  w ,  and (3 w i t h  F l ' ,  F2',  and  F3'  and  using 
t h e  r e l a t i o n s  o f  e q u a t i o n s  ( A 5 )  through (A7) y i e l d  a n  e x p r e s s i o n  f o r  t h e  s p a t i a l  
d e r i v a t i v e  o f  t h e  t o t a l  f o r c e  a c t i n g  o n  t h e  r i n g  s e g m e n t  i n  terms of c y l i n d r i c a l  
coord ina te s :  
The s t r a i n  i n  a f i b e r  o f  t h e  r i n g  l o c a t e d  a t  x f e l  + z f e 3  r e l a t i v e  to  
A A 
t he  cen t ro id  o f  t he  c ros s  sec t ion  is given by 
where 
- 




An e x p r e s s i o n  f o r  t h e  d i s t r i b u t e d  s t r a i n  p e r p e n d i c u l a r  t o  t h e  r i n g ' s  c r o s s  
s e c t i o n  is ob ta ined  by s u b s t i t u t i n g   e q u a t i o n s  ( A 2 ) ,   ( A 6 ) ,  and (A7) i n t o  equa- 
t i o n  (A10)  and us ing  smal l -va lue  approximat ions  for  the  per turba t ion  var iab les :  
The stress i s  assumed to obey Hooke's l a w :  
where E is t h e  modulus o f   e l a s t i c i t y  of t h e   m a t e r i a l .  I t  is  assumed t h a t  
t h e r e  i s  no i n t r i n s i c  damping i n  t h e  material o f  t h e  r i n g ;  t h a t  i s ,  deformations 
are conse rva t ive .  Such  damping  would  appear i n  e q u a t i o n  ( A 1 2 )  as a n  a d d i t i o n a l  
term  which  could  be a f u n c t i o n   o f  E. The t o t a l   t e n s i l e   f o r c e  F2 is ob ta ined  
by i n t e g r a t i n g  e q u a t i o n  ( A 1 2 )  o v e r  t h e  c r o s s  s e c t i o n :  
F2 = E L  E dA 
An in f in i t e  s e r i e s  expans ion  o f  t he  denomina to r  of equa t ion  ( A l l )  is used, a l l  
moments of  the  c ross  sec t ion  above  the  second order  are  d iscarded ,  and  cross  
products  of t h e  c r o s s  s e c t i o n  a r e  i g n o r e d  t o  g i v e  a n  e x p r e s s i o n  f o r  F2:  
AR u R 
R R  R + AR (Ru" - v'I 
The second term of  equat ion  ( A 1 4 )  a r i s e s  f r o m  t h e  f a c t  t h a t  t h e  r i n g  i s  curved 
and  the e las t ic  center  does  not  co inc ide  wi th  the  cent ro id .  For  very  s lender  
r i n g s ,  t h i s  t e r n  may be ignored. 
The  moments caused by t h e  t e n s i l e  f o r c e s  a c t i n g  o n  t h e  c r o s s  s e c t i o n  are 
ob ta ined  by in t eg ra t ing  the  c ros s  p roduc t  o f  t he  vec to r  f rom the  cen t ro id  to  
each  f iber  wi th  the  stress v e c t o r  o f  t h e  f i b e r :  
P e r f o r m i n g  t h i s  i n t e g r a t i o n ,  i g n o r i n g  t h e  moments o f  t he  c ros s  sec t ion  above  
the  second order ,  and  ignor ing  c ross  products  of t h e  c r o s s  s e c t i o n  y i e l d  
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ii = M e + M ~ G ~  1 1  
n 
where 
M3 = [ R + AR (d' - $) + -(- 1 AR + - u + .')I 
R R  R 
where 1, and I, are the  second moments o f   t h e   c r o s s   e c t i o n   a b o u t  g 3  
and el, r e s p e c t i v e l y .  The second term of equa t ion  ( A 1 8 )  a r ises  f rom  the   f ac t  
t h a t  t h e  r i n g  i s  curved  and  the  e las t ic  center  does  not  co inc ide  wi th  the  
c e n t r o i d .  
n 
The ang le  of s h e a r  s t r a i n  c a u s e d  by t w i s t i n g  of t h e  r i n g  y can  be  deter-  
mined f o r  any f i b e r  i n  t h e  r i n g  by computing the angle between the f iber  and the 
l i n e  of c e n t r o i d s  ( r e f .  15)  : 
- - n A 
where rf = rc + xfe l  + zfe3. Not ing   tha t  r f '  ( 0 , O )  = rc' and  using  equa- 
t i o n  (A5) y i e l d  a s impler  form for  equat ion (A191 : 
- - 
Using  equations ( A 2 )  and (A5) through (A7) and  assuming  that   there  i s  no warping 
of t h e  c r o s s  s e c t i o n  y i e l d  a n  e x p r e s s i o n  f o r  s h e a r  s t r a i n  a c t i n g  i n  t h e  r i n g ' s  
c r o s s  s e c t i o n :  
Because  of  warping, t h i s  e q u a t i o n  i s  e x a c t  o n l y  f o r  c i r c u l a r  c r o s s  s e c t i o n s .  
,< 
The shea r ing  stress is ob ta ined  by mul t ip ly ing  equat ion  ( A 2 1 )  by the shear-  
i ng  modulus  of e l a s t i c i t y  G :  
48 
APPENDIX A 
A s  above, it is assumed t h a t  t h e r e  i s  no i n t r i n s i c  damping i n  t h e  material of 
t h e  r i n g .  Such  damping could   appear   in   equa t ion  ( A 2 2 )  as a n  a d d i t i o n a l  t e r m  
which would be a f u n c t i o n  of f . 
The l i n e  of a c t i o n  of t h e  s h e a r i n g  stress i s  pe rpend icu la r  t o  t h e  r a d i u s  
v e c t o r  f r o m  t h e  c e n t r o i d  t o  t h e  ( x f , z f )  l o c a t i o n .  The moment produced  by t w i s t -  
ing is the  product  of  shear ing  stress a n d  t h e  r a d i u s ,  i n t e g r a t e d  o v e r  t h e  c r o s s  
s e c t i o n :  
Using  equations ( A 2 1 )  and ( A 2 2 )  i n  e q u a t i o n  (A23) y i e lds   an   expres s ion   fo r   t he  
t o r s i o n a l  moment i n  t h e  r i n g  e x p r e s s e d  i n  terms o f  t h e  p e r t u r b a t i o n  v a r i a b l e s :  
M 2  = G J  
R + AR 
where J i s  the   t o r s iona l   cons t an t   fo r   t he   c ros s   s ec t ion .   Fo r   r i ngs   wh ich   have  
c i r c u l a r   c r o s s   s e c t i o n s ,  J becomes t h e   p o l a r  moment of t h e   c r o s s   s e c t i o n .   F o r  
r i n g s  which  ave n o n c i r c u l a r   c r o s s   s e c t i o n s ,  J i s  t h e   t o r s i o n a l   c o n s t a n t  which 
accoun t s  fo r  t he  warp ing  o f  t he  c ros s  sec t ion .  A t a b l e  o f  t o r s i o n a l  c o n s t a n t s  
J € o r   t y p i c a l   c r o s s   s e c t i o n s  is g iven   i n   r e f e rence  10. 
The re la t ionships  be tween the  in te rna l  forces  and  moments o f  t he  r ing  are 
now der ived  accord ing  to  the  procedure  of  re ference  9. Consider a shor t  seg-  
ment of   the   r ing   having   length   ds .   Appl ica t ion  of E u l e r ' s  e q u a t i o n  t o  t h i s  
segment  y ie lds  the  re la t ionship  be tween the  angular  rate of change of the seg- 
ment  and the  forces  and  moments a c t i n g  upon th is  segment ,  which  a re  depic ted  in  
f i g u r e  41: 
- 
rc' (s)  ds  
2 
+ x w(s) d s  
where 
- A A 
w = w e  + W e  + W e  
A 
1 1  2 2  3 3  
i = M e + M ~ G ~  + M ~ G ~  1 1  
A 
F = F ~  A + F ~ G ~ + F G  
1 1  3 3  
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and I i s  t h e   i n e r t i a   t e n s o r  of t h e   s e g m e n t   r e l a t i v e   t o   t h e  ($1,$2,$3) a x i s  
system. The p r i n c i p a l  a x e s  o f  i n e r t i a  are assumed t o  c o i n c i d e  w i t h  t h e  
( ~ 1 1 ~ 2 , ~ 3 )  axes so t h a t  t h e  i n e r t i a  t e n s o r  i s  diagonal   in   form.  The diagonal 
elements of I are 
where Ip is  t h e   p o l a r  moment of t h e   c r o s s   s e c t i o n   a n d  p is t h e  mass d e n s i t y  
of t h e  m a t e r i a l  of t h e  r i n g  when it  is  a t  rest. 
The components of t he   angu la r   ve loc i ty  w c o n s i s t  of the  nominal   spin 
- 
r a t e  nc pro jec t ed   on to   t he  (e l^ ,e^2,;3) t r i a d  and   t he   angu la r   r a t e  of change 
of t h e  t r i a d  w i t h  r e s p e c t  t o  t h e  r o t a t i n g  r i n g :  
The l e f t  s i d e  of equat ion (A25) may be w r i t t e n  as 
Equations ( A 5 )  through (A7) and (A261 through ( A 3 1 )  a r e   s u b s t i t u t e d   i n t o  equa- 
t ion  (A32) ,  the  ind ica ted  d i f fe ren t ia t ions  a re  per formed,  and  products  of t h e  
pe r tu rba t ion   va r i ab le s   a r e   d ropped   t o   y i e ld  a l i n e a r i z e d   e q u a t i o n   f o r  Iii i n  
t e rms  o f  t he  pe r tu rba t ion  va r i ab le s :  
50 
APPENDIX A 
The f i r s t  two terms o f  t h e  r i g h t  s i d e  o f  e q u a t i o n  (A25) may be approxi- 
mated by 
M(s + d s )  - M(s) = -(I4 a e + M 2 S 2  + M 3 G 3 )  ds A a s  1 1 
Equations ( A 5 )  through ( A 7 )  a r e   s u b s t i t u t e d   i n t o   e q u a t i o n  (A34)  and t h e   i n d i -  
c a t e d   d i f f e r e n t i a t i o n  i s  performed.  Because MI and M2 as given by equa- 
t i o n s  ( A 1 7 )  and ( A 2 4 )  c o n s i s t  of t e rms  which  a re  propor t iona l  to  the  per turba-  
t i o n   v a r i a b l e s  w and 5, and M 3  as given by equat ion ( A 1 8 )  c o n s i s t s  of 
t e r m s  which a r e   p r o p o r t i o n a l   t o   t h e   p e r t u r b a t i o n   v a r i a b l e s  u and  v ,   products  
Of t h e   p e r t u r b a t i o n   v a r i a b l e s   a n d   t h e   q u a n t i t i e s  M I ,  M ~ ,  M ~ ) ,  b 1 2 1 r  and ~~1 
are  dropped  for  a l i n e a r i z e d  s o l u t i o n :  
U s i n g   t h e   d e f i n i t i o n  of e2 i n   e q u a t i o n  ( A S )  and  ignoring  second  order  
A 
terms i n  t h e  v a r i a b l e  d s ,  t h e  t h i r d  term of t h e  r i g h t  s i d e  o f  e q u a t i o n  ( A 2 5 )  
may be  wr i t t en  as 
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Equations ( A 5 )  through ( A 7 )  are s u b s t i t u t e d  i n t o  e q u a t i o n  ( A 3 6 )  and  products   of  
t h e  p e r t u r b a t i o n  v a r i a b l e s  are dropped t o  o b t a i n  
Three equations which re la te  t h e  i n t e r n a l  f o r c e s  a n d  moments w i t h  i n e r t i a  
e f f e c t s   a r e   o b t a i n e d  by s u b s t i t u t i n g   e q u a t i o n s  ( A 3 3 ) ,   ( A 3 5 ) ,  and ( A 3 7 )  i n t o  
equat ion ( A 2 5 ) .  S ince   t he  l a s t  term of   t he   r i gh t   s ide   o f   equa t ion  ( A 2 5 )  i s  
s e c o n d  o r d e r  i n  t h e  v a r i a b l e  d s ,  i t  is  dropped: 
= M1' - E M2 + (B '  + ~- 
R + AR 
1 1 
+ (R +/R + v '  + Z)F3 - R + R AR 8F1 
R W' - w) 
1 
= M2' + - M1 + R R (: - R + AR w")M3 + w'F1 - (u '  - E)F3 
S u b s t i t u t i n g  e q u a t i o n s  ( A 1 7 )  , ( A 1 8 1  , and ( A 2 4 )  i n to   equa t ions  ( A 3 8 1  
through ( A 4 0 )  and using small-value approximations €or  the per turbat ion 
v a r i a b l e s  y i e l d  t h e  f o l l o w i n g  r e l a t i o n s :  
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R + AR 
R F3 = -E1 r R + A R  ( ) (W'" - $) + (R yAR + R 
R F a  
"r(R + AR R + AR w'  + b )  
Equations (A41) and (A43) are fo rmulas   fo r   t he   shea r   fo rces   ac t ing   ac ross   t he  
c r o s s   s e c t i o n  as func t ions   o f   t he   pe r tu rba t ion   va r i ab le s .   Equa t ion  ( A 4 2 )  i s  
the   r e l a t ionsh ip   be tween   t he   ang le   o f  t w i s t  B and  the  out-of-plane 
d e f l e c t i o n  w. 
Equations of Motior, 
Given a small segment of t h e  r i n g ,  i t s  motion obeys Newton's l a w  which is  
descr ibed  by 
S u b s t i t u t i o n  of equa t ions  (A4) and (A9) i n t o  e q u a t i o n  ( A 4 4 )  y i e l d s  a system of 
p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s :  
pA[G - 2fic - R 2 ( R  + AR + u)] = W1 + F1' - - F2 + R 
R R + A R  
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Solving  the  quiescent  case of equation  (A45)  where  the  externally  applied 
forces  and  the  perturbation  variables  are  zero  yields an expression  for 
the  equilibrium  tension in the  ring: 
The  equilibrium  strain in the  ring  is  obtained  by  equating  equations  (A481 
and  (A14)  where  the  perturbation  variables  are set to zero: 
Let the  externally  applied  force  densities  W1,  W2,  and  W3  be  small 
perturbation  quantities.  Substitutions of equations  (A14),  (A41),  and  (A43) 
into  equations  (A45),  (A46),  and  (A47)  and  using  equations  (A42)  and  (A48) 
yield  a  system of partial  differential  equations of the  perturbation  variables 
€or  a  steadily  spinning  ring  with  small  external  forces. In addition,  if  the 
assumptions 
(&)2 << - 1 + - '( P AY2) 








are used and w e  note t ha t  Ip2 = I, + I, , t hen  t h e  r e s u l t i n g  system of 
equations i s  
2 2 
.. 
- RB) = w r 2 S J 2 ( R 2 @ "  + Rw")  
+ wS2Sr2(Rw"  - B)  (-457 
w h e r e  
sP= 
'J= E 
5 5  
' I  II 1l1l11ll I1 I 
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The terms us and or may be i n t e r p r e t e d   t o  be the   speed   o f   l ong i tud ina l  
and  t ransverse  sound waves  in  the  material d iv ided  by  the  r ing  rad ius ,  and  S,, 
Sr, Sp,  and SJ are geomet r i c   cha rac t e r i s t i c s   wh ich  are ana logous   t o   t he  
inve r se  of t h e  s l e n d e r n e s s  ratio used i n  t h e  d e s i g n  o f  columns ( r e f .  9 ) .  
Equations (A54) through (A57) form a system of p a r t i a l  d i f f e r e n t i a l  equa- 
t ions which descr ibe the small-per turbat ion dynamic behavior  of  a s t e a d i l y  
sp inning  s lender  r ing  which  i s  inf luenced  by  small e x t e r n a l  f o r c e s .  Equa- 
t i o n s  (A54) and (A55) descr ibe  the  coupled  rad ia l  and  tangent ia l  mot ions  for  
which t h e   r i n g   r e m a i n s   i n  i ts o r ig ina l   p l ane .   Equa t ions  (A56) and (A57) 
descr ibe  the  coupled  out -of -p lane  def lec t ion  and  r ing  twis t ing  mot ions .  The 
out-of-plane and the in-plane motions are uncoupled from each  o ther .  
Because of the absence of s t r u c t u r a l  damping terms i n  t h e  s t r e s s - s t r a i n  
r e l a t i o n s h i p s  o f  e q u a t i o n s  (A12) and (A22), t h e  homogeneous s o l u t i o n s  of t h e  
above  equa t ions  a re  pe r iod ic  in  t ime .  I f  damping were cons idered ,   the   so lu-  
t i o n s  would inc lude   exponent ia l ly   decaying   func t ions .  It is expec ted   tha t   any  
p r a c t i c a l  r i n g  would be very l ight ly  damped so tha t  t he  deve lopmen t  o f  t h i s  
paper would apply a t  least  for  shor t - te rm behavior .  
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SOLUTION OF VIBRATION FREQUENCY EQUATION 
Dur ing  the  deve lopmen t  o f  t he  cha rac t e r i s t i c s  o f  t he  s t ruc tu ra l  dynamics 
of  the  r ing  per formed in  the  main t e x t ,  e q u a t i o n s  d e f i n i n g  t h e  v i b r a t i o n  f r e -  
quenc ie s  o f  t he  s t ruc tu ra l  modes were found t o  be of the form 
f (w) = w4 - a m 2  + bw + c = 0 ( B l )  
where w i s  the   f r equency   o f   v ib ra t ion ;  a ,  b,  and c a r e   p o s i t i v e   r e a l  
values;   and b has a s m a l l  v a l u e .   I f   t h e   r o o t s   o f   ( w )  = 0 a r e   r e a l ,   t h e n  
the  motions of t h e  r i n g  a r e  p e r i o d i c  i n  t ime .  I f  any  o f  t he  roo t s  a re  complex, 
t hen  the  s t ruc tu ra l  v ib ra t ions  o f  t he  r ing  a re  uns t ab le .  Th i s  append ix  p re -  
s e n t s  a p r o c e d u r e   f o r   c a l c u l a t i n g   t h e   r o o t s   o f   f ( w )  = 0. A su f f i c i en t   cond i -  
t i o n  f o r  t h e  e x i s t e n c e  o f  f o u r  r e a l  r o o t s  is a l so  p re sen ted .  
Condi t ions   on   the   va lues   o f   a ,   b ,   and  c i n  equat ion  ( B l )  a r e  found so 
t h a t  i f  t h e s e  c o n d i t i o n s  a r e  s a t i s f i e d ,  t h e n  t h e r e  a r e  no complex roots  of  
f ( w )  = 0 .  Consider   the  special   case  of   equat ion ( B l )  where the  value  of  b 
is zero: 
These r o o t s  a r e  a l l  r e a l  and d i s t i n c t  i f  a 2  > 4c. 
From equat ions  ( B 1 )  and ( B 2 ) ,  t he   roo t s   o f   f (w)  = 0 s a t i s f y   t h e   f o l l o w -  
ing equat ion:  
A t y p i c a l   c u r v e   f o r  g (w)  where a 2  > 4c i s  p r e s e n t e d   i n   f i g u r e  42. The 
i n t e r s e c t i o n s   o f  g ( w )  and a s t r a i g h t   l i n e   p a s s i n g   t h r o u g h   t h e   o r i g i n   w i t h  
s lope  -b  occur a t   t h e   r o o t s   o f   f ( w )  = 0 .  For   su f f i c i en t ly   sma l l   va lues   o f  
b ,  f o u r  i n t e r s e c t i o n s  o c c u r  i m p l y i n g  t h e  e x i s t e n c e  o f  f o u r  d i s t i n c t  r e a l  r o o t s .  
For s u f f i c i e n t l y  l a r g e  v a l u e s  o f  b ,  o n l y  two in te rsec t ions  occur  imply ing  the  
ex is tence   o f  two r e a l   r o o t s  and two complex r o o t s .  The l i n e  -bcw i n   f i g -  
ure  42 has two i n t e r s e c t i o n s  and i s  t a n g e n t  a t  a t h i r d  p o i n t  on t h e  g ( w )  
c u r v e .   I n   t h i s   c a s e ,   t h e r e   e x i s t s  a d o u b l e   r e a l   r o o t   a t   t h e   t a n g e n t .   F o r  
b > b c ,  t h e r e  e x i s t  complex r o o t s ,  a n d  f o r  b < b c ,  t h e r e  e x i s t  o n l y  r e a l  r o o t s  
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of   (w)  = 0. Therefore ,   the   value  of   bc i s  t h e   g r e a t e s t   l o w e r  bound  on t h e  
va lues  of b f o r  which t h e r e   a r e  complex r o o t s   o f  f (w)  = 0. 
Cons ide r   t he   l i ne  -bLW i n  f i g u r e  42 which  passes  through  an extremum 
of  g(W). The value  of bL i s  given by 
The value  of bL b e i n g   l e s s   t h a n  b, is a lower bound  on the   va lues   o f  b 
f o r  which t h e r e  may be  complex r o o t s   o f   f ( w )  = 0. T h e r e f o r e ,   i f  
a 2  > 4c 
and 
then all r o o t s   a r e   r e a l  and d i s t i n c t .   I f  b i s  nonzero  and a2 = 4c o r   i f  
a2 < 4c, t h e n  t h e r e  e x i s t  complex roots   o f   equa t ion  ( B l )  . I f   equa t ion  (B6) is 
s a t i s f i e d  b u t  e q u a t i o n  ( B 7 )  i s  not ,  then  a  more d e t a i l e d  a n a l y s i s  i s  r equ i r ed  
t o  d e t e r m i n e  w h e t h e r  t h e  r o o t s  a r e  a l l  r e a l .  
The roots   o f   the   quar t ic   po lynomia l   equa t ion   f (w)  = 0 can  be  calculated 
by a lgeb ra i c   t echn iques ,   fo r   example ,   Fe r ra r i ' s  method ( r e f .  1 6 ) .  However,  a
d i f f e r e n t  p r o c e d u r e  i s  used i n  t he  fo l lowing  ana lys i s .  
Given t h a t   f ( w )  has f o u r   r e a l   r o o t s ,   t h e n  i t  can   be   fac tored   in to   the  
form 
where w o f  all  and w2 a r e   r e a l  numbers. 
Mult iplying out  equat ion (B8) and equat ing coeff ic ients  with equat ion ( B l )  
y i e l d  a s e t  o f   s imul taneous   nonl inear   equa t ions   in  wo, all and w 2 :  
w1 2 + w22  + 2wO2 = a 
2 ( w 2 2  - u l 2 ) w 0  = b 




Solving  equat ion (B9) f o r  w22 a n d   s u b s t i t u t i n g   t h e   r e s u l t   i n t o   e q u a t i o n  (B10) 
y ie ld   an   equat ion  for w12 as a func t ion   of  wo: 
Simi la r ly ,   so lv ing   equa t ion  (B9) 
equat ion  ( B l O )  y i e l d  a n  e q u a t i o n  
f o r  W12 a n d  s u b s t i t u t i n g  t h e  r e s u l t  i n t o  
f o r  w22 as a func t ion   of  wo: 
Subs t i t u t ion   o f   equa t ions  ( B 1 2 )  and  (B13) i n t o   e q u a t i o n  (B11)  y i e l d s  a poly- 
nomial i n  wo: 
6 a  
The r o o t s  o f  t h i s  e q u a t i o n  may be  found  by  app l i ca t ion  o f  Ta r t ag l i a ' s  method 
( r e f .  1 6 ) .  I n   t h i s   p a p e r   o n l y   t h o s e   r o o t s   o f   e q u a t i o n  (B14) wi th   t he  smallest 
magnitude are cons idered .  Assuming tha t  t he  magn i tudes  o f  t hese  roo t s  are much 
smaller than the magnitudes of  the remaining roots ,  an approximate solut ion may 
be obtained by ignor ing  the  f i r s t  t e rm o f  equa t ion  (B14) :  
wo2 = 
(a2 - 4c)  + J ( a 2  - 4c)  - 8ab2 
For more p r e c i s i o n ,  a n  i t e r a t i v e  p r o c e d u r e  may be used for  solving equa-  
t i o n  (B14)  by s u b s t i t u t i n g   a n   e s t i m a t e   ( o r   p r e v i o u s   s o l u t i o n )   f o r  wo2 f o r  
t h e  f i rs t  term of  the  equat ion  and  so lv ing  as if it w e r e  par t  o f  t he  cons t an t  
term as fol lows:  
f 3 \  
iF2 - 64(OO2):] 
\wo-) i+ l  - - 
(a2 - 4c) + ,/(a2 - 4c) 2 - 8 a p 2  - 64 (wo2); ]  
where t h e   s u b s c r i p t  i d e n o t e s   t h e   i t h   s o l u t i o n   o f   t h e   i t e r a t i o n   a n d  
(wo2)o = 0 .  
W i t h o u t   l o s s   o f   g e n e r a l i t y ,   o n l y   p o s i t i v e   v a l u e s   o f  wo are considered.  
With th i s  cond i t ion ,  examina t ion  o f  equa t ions  (B12) and  (B13)  shows t h a t  t h e  
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magnitude of w2 is  la rger   than   the   magni tude   o f  W1. Solv ing   equat ion  (B9) 
f o r  w22 a n d   s u b s t i t u t i n g   t h e   r e s u l t   i n t o   e q u a t i o n  (B11) y i e l d  a polynomial 
i n  w12: 
Simi la r ly   so lv ing   equa t ion  (B9) €or  W12 a n d   s u b s t i t u t i n g   t h e   r e s u l t   i n t o  
equat ion ( B l l )  y i e l d   a n   i d e n t i c a l   p o l y n o m i a l   i n  w2 . Equations ( B 1 2 )  and (B13) 
show t h a t   t h e r e   a r e   o n l y  two s o l u t i o n s   f o r  w1 and two s o l u t i o n s   f o r  w2.  
Since Iw2 I > Iwl I ,  t h e  two l a r g e r  r o o t s  of equat ion  (B17) are va lues   o f  w2 
and  the two s m a l l e r  r o o t s  a r e  v a l u e s  o f  wl: 
2 
From equa t ion   (B8) ,   t he   fou r   roo t s   o f  f ( w )  = 0 where f (w)  
equat ion ( B 1 )  a r e  w = ? w1,  -WO ? w2 where w0 is  c a l c u l a t e d  by t h e  
approximate  quation (B14) o r   t h e   i t e r a t i o n   e q u a t i o n   ( B 1 6 ) ,  w2 i s  c a l c u l a t e d  
by equation  (B18),   and w1 is  c a l c u l a t e d  by equat ion  (B19) .  All t h e   r o o t s   a r e  
r e a l  i f  t he   cond i t ions   o f   equa t ions  (B6) and (B7) a r e   s a t i s f i e d .  However, 
t h e r e  a r e  c a s e s  which  have a l l  r e a l  r o o t s  b u t  which v io l a t e  t he  cond i t ion  o f  
equat ion ( B 7 ) .  
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Figure  1.- Tors iona l  mode. j = 4. 
Z 
Figure  2.- Out-of-plane  bending mode. j = 2 .  
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(a) Stiffening couple ,  1, < I,. 
(b)  Destabilizing couple ,  1, > I,. 
Figure  3.- Torsional couples  produced in spinning ring. j = 0. 
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z t z t  ,T 
X J  
Figure  4.-  Out -of -p lane   t rans la t ion .  j = 0 .  
Ring A x i s  \ 
Figure  5.- Out-of-plane rotat ion.  
Y 
j = 1. 
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Ring Axis \ I' 
Figure 6.- Axis  inclination. j = 1. 
Az 
_ " _  
I 
Figure 7.- Gyroscopic  precession. j = 1. 
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0 Particle s = 0 
Figure  8.- Out-of-plane progressive wave motion for 
high s p i n  r a t e .  
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t = 0 .  
t = I T / 2 W D j .  
0 Particle s = 0 
Figure  9.- Out-of-plane regressive wave motion for  
high s p i n  r a t e .  
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I \ 
(b) t = T/6jwDj. 
(c) t = n/3jwDj. 
I-h 
Figure  10.-  Out-of-plane s tanding wave motion for  
high s p i n  r a t e .  
7 0  
Compression 
-.+A 
I x  I Small radius variations not shown 
Figure  11.- In-plane compression mode. j = 4. 
Figure  1 2 . -  In-plane  bending mode. j = 4 .  
7 1  
t y  
GFCO CO CO E w  
(a) I n i t i a l   c o n d i t i o n ,  t = 0.  
(c) t = ,rr/WC0' (d) t = 3T/2wcO. 
Figure  13.- Radial  o s c i l l a t i o n .  j = 0 .  
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EC1 t Y  
(a) t = 0. 
X - 
(c) t = IT/WC1' (d) t = 3Tr/2wC1. 
Figure 14.- In-plane compression mode. = 0; j = 1; 




I t' Extension 
( a )  t = 0 .  
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Figure 16.- In-plane  translation. j = 1. 
7 5  
x t  
(a) t = 0. 
x 
(b )  t > 0 .  
Figure 17.-  In-p lane  progress ive  
R << sp,; 
(a) t = 0. (b) t > 0. 
bending mode f o r  l o w  s p i n  r a t e .  
j = 2. 
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V ( t ’ 0 )  N 
S 
R Qt, Maier ia l   movement 
v. t , Node movement  relative  to s 
1 
s 
S I 0  
Figure  19.- In-plane bending s tanding wave as seen by 
a f i x e d  o b s e r v e r  €or l o w  s p i n  r a t e .  fi << S,wS. 
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I 
( b )  t = K/2wB2.  
( c )  t = Tr/WB2. (d) t = 2K/wg2. 
F igu re  20.- In-plane bending standing wave for 
low s p i n  ra te .  fl << s,ws; j = 2 .  
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(a) t = 0. (b) t > 0. 
(a)  t = 0. (b) t > 0. 
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u(t = 0) 
S 
v(t = 0) 
S 
L” RRt. Material  movement 
w 1  J - +- v.t, Node movement relative to s 
S 
s - 0  
Figure 23.- In-plane bending standing wave as seen by a f i x e d  
observer  €or h igh   sp in  rate.  S,W, <<  < Us- 
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(a) t = 0 .  (b)  t = 7T/2Wg2. (c) t = lT/WB2. 
F igure  24.- In-plane bending standing wave for  high 
s p i n  ra te .  S,W, << R << us; j = 2.  
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v ( t  - 0) 




Figure 25.- In-plane  compression  standing wave 





s - 0  
( a )  t = 0. 
(b) t = 2n/uCj. 
Figure  26.- In-plane compression s tanding wave. 
R < < w ;  j = 3 .  S 
8 3  
u .. Hz 
WJ 
Mode number, j 
Figure 27.- Out-of-plane nodal frequencies. 
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Mode number, j 
Figure 28.-  Out-of-plane modal frequencies. 
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O 1  L 10 "I Mode number. j 100 ~- 1 HI 
( a )  T o r s i o n a l  mode, r a t i o  of  ou t -of -p lane  def lec t ion  
t o  t w i s t  ang le .  
-. 010 r 
-.0°8 t 
- . I  1." - . - . . ~  "I 
10 100 1000 
Mode number. j 
(b) Def lec t ion  mode, r a t i o  of t w i s t  a n g l e  t o  
out -of -p lane  def lec t ion .  









Mode number, j 
1000 
Figure  30.-  Out-of-plane modal  velocities versus  mode number. 
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R, rad/ sec 
Figure 31.- Out-of-plane modal v e l o c i t i e s  v e r s u s  s p i n  r a t e .  
88 
u. .  Hz 
1 
" 





Mode  number, j 
Figure 32.- In-plane nodal  f requencies .  
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Figure  33.- In-plane modal frequencies.  
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Mode number, j 
36.- In-plane modal v e l o c i t i e s  v e r s u s  mode number. 
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Modal velocity. 
v. rnlsec lo2 
101 
loc 
j - 100 
, 
- 
/"4 j - 10 / 
j = 2  
I 1 
. 01 . 1  
R.  radlsec 
Figure  37.- In-plane modal v e l o c i t i e s  v e r s u s  s p i n  ra te .  
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1. 0 
( a )  S t a t i o n a r y   r i n g .  (b) Rota t ing   r ing .  
F igu re  38.- Geometry of t h e  r i n g ,  plan view. 
F igu re  39.- P e r t u r b a t i o n  v a r i a b l e s .  
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Figure  40.- Curv i l inea r  coord ina te s .  
A 
e 
T / e 3  
1 A  
Figure  41.- Short  r ing segment  with forces  and 
moments a c t i n g  upon it. 
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